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TO THE REV. 



J. PRIESTLEY, LX.D. F.R.S. &c. 

THE publication of the fol- 
lowing treatife is owing to 
your kind encouragement and ap- 
probation ; and I am happy to 
embrace this opportunity of tefti- 
fying^ the high fenfe I entertain of 
your condefcending politenefs and 
attention. Whilft you are enlarg- 
ing the bounds of fcience by your 
^ numerous and important dif- 
GQverres, you are equally folicitous 
of promoting every other laudable 
purfuit and ufeful undertaking. 
And to this amiable difpofition the 
world 'is no'leis indebted than to 
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your diftingiiiflied and eminent 
abilities : the one commands our 

« 

efteem and regard, and the other 
our . admiration. Permit me, 
therefore, Sir, as a fincere tribute 
to your merit, to infcribe to yoii 
this compendium, and to aflure 

you that 

« 

I am, 
With the higheft refpe^l, 
Your moft obedient and . 

obliged humble fervant. 



London, 
S«p. 2, 1782. 






JOHN BONNYCASTLE. 
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P R E F A C E. 



THE powers of the mind, like thofe of the 
boiy, are increafed by contiruial exertion ; 
application and induftry fupply the place of geniusi 
and invention ; and even the creative faculty it- 
felf, may be ftrengthcned and improved by ufe 
and perfeverancc. Uncultivated naturp is uni;^ 
formly rude and imbecile ; and it is by imitation 
alone that we at firft acquire knowledge, and 
the means of extending its bounds. A juft and 
perfe£l acquaintance with the iimple elements of 
fcience, is a neceffary ftep towards our future 
prpgrefe ;and advancement ;. and this, ai£Aed by 
laborious inveftigation and habitual inquiry, will 
conftantly lead to eminence and perfe£tion.' 

Books of rudiments, therefore, concifely writ- 
ten» well digefted, and methodically arranged^ 
are treafures of ineftimable value ; and too many- 
attempts cannot be made. to render them perfect 
and comfdete. When the firft principles of any 
art or fcience are firmly fixed and rooted in the 
mind, their application foon becomes ^a^y^ 
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PREFACE. 



pleafant, and obvious ; the underftanding is de* 
lighted and enlarged j we conceive clearly, reafon 
* diftinftly, and fortti juft and fatisfaflory conclu- 
fions. But, on the contrary, when the mind, 
inftead of repofing on the ftability of truth, and 
received principles, is wandering in doubt and 
uncertainty, our ideas will neceflarily be confufed 
and obfciire ; and every fl-ep we take, muft be 
attended with frelh difficulties and endlefs per-^ 
Plexity. . 

' That the grounds, or fundamental parts, of 
every fcience, are dull and unentertalning, is a 
complaint univerfally made, and a truth not to 
be denied ; but, then, what is obtained with dif- 
ficulty IS remembered with eafe; and what is 
purchafed with pain is poffeffed with pleafure.' 
The feeds of knowledge are fbwn in every foil^ 
but it is by proper culture alone 'that they are' 
cheriflied and brought to maturity. A few year^ 
of early and affiduous application never failsr of 
procuring us the reward of our induftry; and vg\\d 
is there, that knows the pleafures and advantages 
which the fciences afford", that would think his 
time mif-fpent, or his labours ufelefs ? Richer 
dnd honours are the gifts of fortune, cafually be- 
ftpwcd'Or liereditarily received, and are frequently 
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abufed by dieir pofleffors ; but the fuperlorify ©f 
wifdom and knowledge is a pre-eminencie of 
merit, that originates with the man, and is the 
iiobleft of all diftiridHons. 

Nature, bountiful and wife in all things, has 
provided, us with an infinite variety of fcenes, 
both for our inftruftion and pntertainment ; and, 
like a kind and indulgent parent, admits all her 
children to an equal participation of her bleffings. 
But as the modes, fituations, and circumftances 
of life are various, fo accident, habit, and edu-r 
cation, have each their predominating influence,, 
and give to every mind its particular bias. Where 
examples of excellence are wanting, the attempts 
to attain it are but few ; but eminence excites 
attention, and produces imitation . T6 raife the 
curiofity, and to awaken the liftlefe and dormant 
powers :of younger minds, we have only to point 
out to them a valuable acquifition, and the means 
of obtaining it. Xhe.adtive principles are immer 
diately put into motion, and the certainty of the 
conqueft is infured from a determination to con- 

* But of air the (cienccs which ferve to call forth 
this fpirit of enterprife and inquiry, there are 
wonemore eminently ufcful than the Mathematics.. 



♦iii PREFACE. 

By an early attachment to thefe elegant and 
fublime ftudies, we acquire a habit of reafoning^ 
and an elevation of thought, that fixes the mind, 
and prepares it for every other purfuit. From a 
few limple axioms, and evident principles, we 
proceed gradually to the moft general propofitions, 
and remote analogies ; deducing one truth from 
another, in a chain of argument, well connefted 
and logically purfued ; that brings us at laft, in 
the moft fatisfaAory manner, to the conclufton^ 
and ferves as a general dire^on in all our in- 
quiries after truth. 

And it is not only in this refpe& that mathe- 
matical learning is (b highly valuable: it is^ 
likewiie, equally eftimable for its practical utility. 
Almoft all the works of art, and devices of man, 
have a dependence upon its principles, and are 
indebted to it for their origin and perfe£Hon. The 
cultivation of thefe admirable fciences is, there-* 
fore, a thing of the utmoft importance, and ought 
to be confidered as a principal part of every libe-^ 
ral and well regulated plan of education. They 
are the guide of our youth, the perfection of our 
reafon, and the foundation, or bails, of every 
great and noble undertaking. 
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PREFACE. IX 

From thefe confiderations, I have been induced 
to undertake an introdudory courfc of mathe- 
matical fcience ; and, from the kind encourage- 
ment I have hitherto received, am not without 
hopes of a continuance of the fame candour and 
approbation. Confiderable praftice as a teacher, 
and a long attention to the difficulties and ob- 
ftru£lions which retard the progrefs of learners in 
general, has enabled me to accommodate myfelf 
the more eafdy to their capacities and under- 
ftandings. And as an earneft deftre of promoting 
and difFufing ufeful knowledge, is the chief mo- 
tive for this undertaking, {p no pains, or atten- 
tion, ihall be wanting to make it as complete and 
perfe£^ as poffible. ' 

The fubjefl of theprefent performance is AL- 
GEBRA; which is one of the moft important 
and ufeful branches of thofe fciences ; and may be 
juftly confidered as the key to all the reft. Ge- 
.t)metry delights us by the fimplicity of its prin^ 
ciples, and the elegance of its demonftrations *. 
Arithmetic is confined in its objed, and partial 
in its application : but Algebra, or the Analytic 
Art, is general and comprehenfive, and may be 
ufed with fuccefs, in all cafes, where truth is to 
be obtained, and proper data can be eftablifhed. 
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To trace this noble fcience to its birth, and to 
point out all the various alterations and improv^«- 
ments it has undergone in its progrefs, would 
far exceed the limits of a preface. It will be fuf- 
ficient to obferve, that the invention is of the 
higheft antiquity, and has challenged the praife 

, and admiration -of all ages. Diophantus appears to 
have been the firft, among the ancients, wlip applied 
it to the folution of indeterminate and unlimited 
problems j but it is to the moderns that we are prin-^ 
cipally indebted for all the moft curious refinements 
of the art, and its great and extenfive ufefulnefs in 
every abftrufe and difficult inquiry. Newton^ 
Maclaurin^ Saunderforiy Simpfon^ and Emerfin^ are 
thofe, of our own countrymen, who have par- 
ticularly excelled in this refpeft ; and it is to their 
•works that i would refer the young ftudent, as 

. the patterns of elegance and perfeftion. 

The following compendium is formed entirely 
upon the model of thofe writers, and is intended 
as a ufeful and neceflary introduftion to them* 
Almoft every fubjeit, that belongs to pure Al- 
gebra, is coiicifely and diftinftly treated of ^ and 
.no pains have been fpared, to make the whole as 
^afy and intelligible as poffible. A great number 
of elementary books have already been written, 



Preface, xi 

upon this fubje£l:j but there are none, that I 
have yet feen, but what Appear to me to be ex- 
tremely defeftive. Befides being totally unfit 
for the purpofe of teaching, they are generally 
calculated to. vitiate the taile, and miflead the 
judgment. A tedious and inelegant method pre- 
vails through the whole, fo that the beauty of. the 
fcience is deftroyed by the clumfy and aukward 
manner in which it is treated ; and the learner, 
when he Is afterwards introduced to fome of our 
beft writers, is obliged to unlearn and forge 
every thing that he has been at fo much pains in 

It ie in the fciences as in every branch of polite >^ vN 

ice^ ^ 

•rs, -^ -S$ 
direft the ftudent in his choice of books, and to ^ ^%^ 




literature : there is a certain tafle and elegance r^- ^v 
and a judiciqus ufe of their inftruftions. To ,. 'S f^ 



that is only to be obtained from the befl authors 



prepare him properly for the advantages he may 
receive from them, is, therefore, the bufmefs of, ^ >^ 
every writer who engages in the humb]^, but \^ y^ 
ideful,taikof a preliminary tutor. This informa- ^^ ^ 
tion I have been careful to give^ in every part v ^ 
of the prefent performance, where it could be ^S^^ 
thought to be ill the leaft ufeful, or nec^iTary. nT^ 
The nature and confined limits of my plan, ^^ 

^A t^^^i^^^,. /^/^O/Zifr/^/L ^v^o^/STz. . \9<L ^iZ4 
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admitted not of diifufe obfervations, or a formal 
enumeration of particalars j but nothing of real 
ufe and importance has been omitted. My prin- 
cipal obje£t was to confult the eafe, fatisfa£tion^ 
and accommodation of the learner, and if the 
execution of the Work is found equal to the dv- 
fign, my purpofe will be anfwered, and it can- 
not fail of meeting with a candid and favourable 
reception from the public. 



ERRATA. 



Fage 12, line 7, for xj^ rcadjc^—j'*. P. lo, I. 13, for 
aix* readz^jf. P. 2*, 1. 3, for a-^-b read x+^. 'P. 27, 

1. ig; for ^ — read ^ — . P. 29, 1. 29, dele — . P. 31, 1. 20, 
a za 

for x-\-b read x-\'a, P. 32, 1. 10, dele — . P. 49* 1. 5, for 

xS read x^. P. 50, i. 24 and 26, read <» X * v' <0 s^' X ^ s/ «, 

9^5x5 v/tf, &c. P. 54, 1. 33, for + read ::. P. 56, J. Uy 

for 19 read 16. P. 60, 1. 24, for +3* read — 3^, and 1. 

uU, for ^<i read 6tf. P. 64, 1. 9, for 2 read 3. P. 79, 1. 26^ 

dele v/. P. 82, 1. 21, for jc— reader:—, and line «lt. fgc 

negative read a^nnatlve. 
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Definitions^. 



ALGEBRA is the art pf compatifag by fymw 
bols. 

1 . ISke quantities are thofe that conifiil of the fame 
letters. 

2. Unlike quantities are thofe that coniifiof diiTe- 
rent letters. 

3. Gi'ven quantities are thofe whofe values are 
■known. 

4. Unknoivn quantifies are thofe whofe Values arfr 
•Tinknown. ' 

5. Simple qiiahtities are thofe that con fife of one 
term only. 

6. Compound quantities are thofe that coiifift of fc- 
veral terms. 

7. Pojiti'^e or affirmati<tfe quantities are thofe to be 
added. 

8. Negati've quantities are thofe to bt fubtraiSkd. 

9. Likefigns are all + or all -^^ 

10. Unlike Jfgns are + and — • " 
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z EXPLANATION OF 

1 1 . The co-efficient of any quantity is the number 
prefixed to it. 

12. A binomial quantify is one conlifling of two 
terms ; sl trinomial of three terms ; and a quadrinomial 
of four terms ; &c. 

13. A rejidual quantity is a binomial where one of 
the terms is negative. 

14. The fo-wer of a quantity is its fquare, cube, 
biquadrate &c. 

15. The index or exponent is the number exprefling; 
the power to which the quantity is involved. 

16. A rational quantity is that which has no radi- 
cal fign. 

17. The reciprocal of any quantity is that quantity 
inverted, or unity divided thereby. 



Explanation of the Characters. 



Thus fl+^ is the fum of ii and ^. 

a^-b is the difference of ^ and b. 

a ^bh the difference of tf^and b when it is 

not known which is the greateft. 
aby or a xif, or a,b is the produ^X)f « and b. 

a-i-b or J1 is a divided by i\ 



+ Is the 


fign 


of addition. 


mm» »«» 


^pT 


of fubtradion. 


X 


— 


of multiplication. 


• - 
• 


ii— 


of diviiion. 


V — 


— . 


of the fquare root. 


3^ _ 


— 


of the cube root. 


mj^ ■ — . 


i_ 


of the m root. 


zz ^ 


— 


of equality. 



THE CHARACTISrS. 



»/cu or « * is the fquare root of cu 

^*/a or a^ is the cube root of a^ 
fl* is the {quare of a* 
a^ is the cube of ^z. 
a^ is the m power of ^ . 

' a'^ is the m root of a. 



a is the reciprocal of a, and — is the re- 
ciprocal of — . 



Ill the computation of problems, the firft letters 
of the alphabet are put for known quantities, and 
the lail letters for thofe that are unknowxL. * 



AXIOMS. 

X. If eqaai quantities be added to equal quanti* 
ties the wholes will be equal. 

2. If equal quantities be taken from equal quan- 
tities, the remainders will be equal, 

3.- If equal quantities be multiplied by equal 
quantities, the produ6ls will be equal. 

4. If equal quafttities be divided by equal quan- 
tities, the^ quotients will be equal. 

5. The equal powers or roots of equal quantities 
are equal. 

6. Twj9 quantities refpeftively equal to a third, 
are equal to each other. 

'7. The whole is equal to all its parts taken to- 
gether. 
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ADDITION. 

CASE I. 
To add quantities that an iike, and have like Jigns^ 

RULE. 

Add all the co-cfEcients together, and to their 
/um adjoin the letters CDmmon to each term, pre* 
fixing the common fign. 





EXAMPLES*: 




5* 


— 6ix 


Bixy 


7* 


— 3^^ 


-jhxj 


%a 


-^ 2 hx 


^hxy 


\oa 


— 7 ^jr 


j^hxy 


zh 


^ Ix 


Shxy 


a 


~5** 


^»y 



33 « 



f— t^hx 



28 bxy 



3 Jf*+2^ 



7 AT 

%ax 

6 ax 

J^ax 

ax 



y 
sy 

zy 

ly 



— y 



— ■! 



26ax'^ioy* 



* V/hen a leading quantity has no fign before it + is. 
always undcrAoodj and a quantity without any co-eflicient 
prefixed to it is fuppofed to have i, or unitj\ 
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2xy 

xy 
xy 



ADDITION.. 


-%y- 


7/1 — 6 A 


-7>» 


4^-3 f 


. _• _y» 


za^%b 


-6>* 


a^ h 


- ^* 


3« — 2 ^ 



X 

3jc*-^ xy sxy — x+2ab 

zx^-^^xy zxy'^'^x+zaB 

** — 2;«:j> 5^— 3^+i«*^ 



i r^i;/o; ^ 



CASE H. 
7i i7^ quantities that are like^ hut have unlike Jigns* 

RULE. 

, 1 . Add all the affirmative co-efHcients into one 
fuin> and all the negative ones into another. 

2. Subtrafl the lead fum from the greateO:^ and 
to the difference prefix the fign of the greateft, with 
the; common quantity, 

B 3 
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-3^ 

+ Sa 
— If 

— 2« 


E X 

+8 
• +7 

• 

-3 

^ -4 

+4 

+ 12 


A M P I. ff s : 

ax* + 6x^+Sy 

ax* — 3*'+7J^ 
«*•* * — i3^^+8jr 
tfif* ' + 2ir'— 3jr 

JL 


+9^ 




— 2^ + 

-3'^J'+ 


7 
to 

7 

2 

+ 

•+ 
— I 


+- 8;r»-. j^+ 3v^;^ 
— lOAf*— 3^+ z^x 
^ ^x*^zy+ Vx 
+ gx*+6y-^lo^x 




+ 3^*- *— 4v'^ 


— 2fl* 

— 8l2* 

+ 13«* 


8^y — 3«^+ 3 
6^^3 • +8i?^— lo 
o^V +3«^— 6 








. — 3\/^;if— 


X 

- 3^ 
. 8;r 

II A? 


+ 3;r*+ioj*— I 









ADDITION. J 

c A,s e; ni, 

7i aid quantities that are unlike, and have ttnlike Jignu 

R U L £• 

CoIIedl the like quantities together by the laft 
rule, and fet down thofe that are unlike, one after 
another, with their proper iigBs» 



\ • 


BX A M Ft E S : ' 

zy 3 ^— ^ 

— /z zax-irSx^ 
X* ^\^x — 2 ax 


a^+JJ'' 


•> 


*'+5^*+3«+^v^-*" 


• 


118 ax'^x^" 

Sy-^ax- 


■ 


■ 


-6+ v^rt!*— ** - - 
^x+\o 




-/^^^Zt/ax — x^ 




^ax'^^a: 




% 


X — jr* — X -f ly 






— 3j^*Ar , hah-^x 



**— 4/i*+3— 4V^^ ' 



**jf -^ 8 +V'-*J» ^;iO-rtf— **— .Jf^ 
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SUBTRACTION. 



RULE. 

Change the fignsof all the quantities to he fub- 
trafted, and then add them together as in addition, 
and the refult will be the remainder required^ 



examples: 

3«*— 2^ 6x^^ Sy + 2 35^j— 2 + 8x-j» 
2^*— 3^ ^*+ 9^^—20 24Ary— 8— 8^— 3j^ 






8tf;f— 2v^xj/— lo 4\/ 10— 8:^—3 A^r 



otf;e+4v/;n?— 10— xo^ 4V*— 13— ■^+2^^'+^ 



c;^^— 8 4v/xy— xv';ey S^^y+V 8—4^ 

. a 

*x 

**3;c^+to z*/xy-\-\Z'{'Xy 6^?^— 10+4^— v/- 
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MULTIPLICATION. 

CASE I. 
To multiply Jimfle quantities^ 

RULE. 

Multiply the co-efficients of the two terms together*, 
and to the pjiodud prefix all the letters in thofe 
termsj and the refult will be the whole produft 
required.. 

Noh^ Like figns produce -f-^ and unlike figns <^« 

» 

examples: 



za 
3^ 


^2a 


«^4p. 


=?^ 


tair 


-^30 OA? 

• 


+45** 




6a*x 

Soa^x* 


* 


-*^5tf*^r 


• 


+ 7^V 


a 

X 




-3 


1 / 


• 





^ 
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10 MULTIPLICATION. 

CASE II. 
When one of the faSiors is a comfound quantity* 

R U L £• 

Find the produfts of the multiplier, and every par- 
ticular term of the multiplicand feparately, and"" 
place them one after another, with their proper figns^ 
and the refult will be the whole prod u^ required. 

examples: 
3a 2x ^xy 



X2«*— 6tf^ I2x^y-^i6x 2^'^xyr'6x'^y+iSxy 



2a — * xy 



c A s E m. 

PThm loth the favors are compound quantities* 

RULE. 

Multiply every particular term of thcmultiplicr 
into c\trY term of the multiplicand refpedively, and 
fet down the produfts one after another with their- 
proper figns, and their fum will be the whole pro* 
du6l required * 



MULTIPLICATI ON. u 



examples: 



x-^y 


x- 


fj' ^-^^ 


■^-{-y 


X- 


-J' *"-ry 


x^+xy 


X 
X' 


"•^xy x^^xy 
^xy-^y^ _jfy-fj,* 


x^+zxy-^-y^ 


'' * —J'* Af*— 2xy+j;* 


5^ + 4^^ 


^*+'^— J* 


3x—zy 


gj^* 


jf— j; 


iSx^+i2xy 
— lo;ry-- 


x'^-\-x^y — xy"^ 
— ^^y — xy'^'-^y^ 


i^x^-^zxy- 


-8y* 


X^ * 2xy'^'¥y^ 






x+y-^s: 


^»— J' 


->' 


x—y-i-z 


x^-^-x^y-^xy^ 
— x^y^~xy^^ 


x^-\'xy — xz 

"xy-^y^'+yfs 

-\-xz-\-yz^z* 


v^ 4? 4t ~ 


v3 


aiV vr> 1^ - 


y 


;r* * *-;y*+2j'2:— a* 




+ 5 
-3 


'^x^'^ixy 
x'^-\-2xy 


* 



-J- 6 AP^j' — 4 ;ey + I O xy 

'I ■ 11 ' " • ■ ■■ ■ ■■ 



^ 



ft IVIULTIPLICATION. 



EXAMPLES FOR PRACTICE. 

1. Multiply 12 ax by '^a, ProduSi i^d'^x 

2. Multiply j\.x'^'^2y by zy. Produii 8jey— 4>'* 
5,' Multiply 2x-\i^y by 2x>^\y, 

Produa \x^*^\6y^ 

4. Multiply ;r*+;r^+;i^*+j;' by x^^y, 

ProduB x )^ 

5. Multiply Af*+Ary4-j* by AT*— jfjr+j?*. 

/>r^yi/^ ;c*+ ;r*j* +j;* 
'6. Multiply 2/1*— 3^jr+4;if* by K^a^-^Sax-^zx^. 



D 1 V 1 s 1 o isr. 



( 



1 






CASE I. 

"When the di*v{for.u ajtmple quantify • 

RULE.. 

\, Place the dix'idend above a fmall line, artd the 
divifor under it, in the manner of a vulgar frac- 
tion. 

2. Expunge thofe letters that are common to both 
the dividend and divifor, and divide the co-efficients 
o^ all the terms by any number that will divide thein 
without a remaindir^ and the refult will be the 
quotient required. 

l^cie. Like iigns make 4-> ^nd unlike figns — ^ 
the fame as in mukipHcfttion. 



s 
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DIVISION, 13 

examples: 

1. Divide i%y^hy gx. Quotient zx. 

2. Divide lox'^y^ by —.5;!-^, patient — 2ji 

3. Divide — 9^;<p^* by 9*!3P* ^oiient ^aj 

4. Divide -i-8;i?*l)y — 2ar; ^U9tkut +j^x 



x^ 



5. Divide «+3tf;(f— at* by v, ^otient 1 + 3*'—— 

6. Divide 3a*— i5+6«-f3^ by 3^- 

^otient «—- ^ + 2 + 



A « 



CASE II. 

When the dtvlfor and di*vtdend an both compound 
fuantities, 

I 

RULE. 

!• Range the terms 6f both the^ttantities accord* 
ing to the dimeniions of fboie letter ia them ; fo that 
the firft term may have the highcft power of that 
letter, and the fecond term the next higheH power; 
and fo on. 

2. Divide the firft term of the dividend by the 
firft term of the divifor, and place the refult in the 
quotient. 

C 



14 DIVISION. 

3. Multiply the whole divifbr by the quotient 
term laft founds and fabtrad the refult from the 
dividend. 

4. To this remainder bring down the next term 
of the dividend, and divide as before ; and fo on^ 
as in common arithmetic. 

Note, Like figns produce +y and unlike figns. —• 



examples: 






j{,a*x+^ax* 



ax*+x^ 
ax^+x^ 



-^Sx^+zyx 
-^ex^+iSx 

9^-27 

gx'^zy 



DIVISION. IS 






a^x-^x^ 
t^X'^ax^ 



tLX\^^X^ 






IXAMPLRS rOR PRACTICE. 

1« Divide tf*+2av+Ar* hy a+x. ^atifut c^+x 

2. Divide.^!— 3<i^+3tfy*— J'' by «— > 

^otient a^ — 2 ay +y^ 

3. Divide i by 1— ;if. ^ustient i'\-X'\-x'*'+x^ Sec. 
4* Divide 6jf*— 96 by 1x^6. 

^tient 2x^ + \x^-\'%x+lS 

5 • Divide a^ — 5^;if + 1 o « V — i o ^ V + j/r;^:* — x* 

by «*— 2 <Mf +;r*, Si»otient «'— 3 «Vf + 3 ax'^^x^ 

C 2 
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ALGEBRAIC FRACTIONS. 



PROBLEM I. 

To reduct a mixed quantity to an improper frailiott* 



RULE. 

Multiply the integer by the denominator of the 
fradion, and to the produ^ add the numerator; 
and the denominator being placed under this fum 
will give the improper fradion required. 



BXAMPLBS: 



3 



5_ 3X7 + S _26^ ^ J y^_ ^+^\ 



7 7 

h aC'-^i 



c 






^3 33' 



2JP a^^zx 



a^ic+ 



a^'^ax , a^^^x'^ 



Let the following mixed quantities be reduced 
to improper fradlions : 

^-^; II* — ; i+2;p i; 5+ 1-; 

7 * 5^ c 



'f 



\ 



F R A C T I O N S, 17 



P R O B L E M n. 

To reduce an improper fraSion to a wbok or mixed 
quantity. 



R U L E. 

Divide the numerator by the denominator for the 
integral part« and place the remainder over the de- 
nominator for the fraflional part> and it will be 
the mixed 'quantity required. ' 



examples: 

17 2^ ax+d*- .tP- ay+2y^ , y* 
5 5 AT X a+y a-i-y 

^•=z6^% — 7 — 11a — p; ^ .i=ig+y+ . 

4 '4 ^ ^ ^ «— x 41— Af 

Let the following improper fraftions be reduced 
to mixed quantities. 

35 28 ^ah — IP" ix^y h — ix^ 
8 4 tf 2« b-^-x 



P^R O B L E M IIL 

To reduce fraSions of different denominators, to thofe 
of the fame 'value that Jhall ha^ve a common denominator. 

c 3 



i\ JFRACtrONS. 



R tJ L E. 

Multiply evfery numerator feparately into all tlie 
denominators but its own for the new numerators^ 
and all the denominators together for the common 
denominator re^uir^d. 



examples: 

I. Reduce --. and — to fractions of equal values 
o c 

that Ihall have a common denominator* 

, • - • 



iXc == be 



ac , h*- 



and^^ zz froQiotts required, 
be be 



2.^Red«ce — -, — and — to equivalent fi^c- 
b c d \ 

tions> having a common denominator, \ 

aXeXd = acd 
bxbxd — b^d 
exiXe = eH 



bXcXd = bed 
acd b'-d , cH 



, and -— r: fra&ions required, 
bed bed bed 



F R A C T I 6 N $. i^ 

^. Reduce — and .—. to equivalent fra6Hons, 
a ^ c 7. b 

having a common denominator. Anf. ^ — and — • 

4. Reduce —• and ., "*" ■ to a common denomi- 
nator. ' Afif.^and^^^ 

be be 

5* Reduce iil» ^^ and i/to a common denomi* 
nator. " ^' -*./ 2^^. tfi, ^nd^"^ 



6ac 6ac 6 



ac 



6. Reduce Jl ^ ...^and ^-f-JL to a cohunon 
4 3 « 

denominator. An/, if... Iff ^«y !if!±ilf . 



12^ I2a 12^* 



PROBLEM IV. 
To find the greatefi common mea/ure of a friUiion. 

RULE. 

1. Range the quantities according to the dimen-> 
fions of fome letter, as is fhewn in diviiion. 

2. Divide the greater term by the lefs, and the 
laft divifor by the laft remaindi^r, and fo on till no- 
thing remains ; and the divifor lail ufed will be the 
common meafure required. 

NstCi All the letters or figures that are common to 
each divifor, mull be thrown out of them before ^^y 
are u&d in the operation. 



/ 



zo FRACTIONS. 



Examples: 
i« To £nd the greateft common meafure of 



2. To find the greateft common meafure 6f 



x^^2bx^-\-b^' 






—2 bx'^^2 h^x)x^+2 ix+ i* 
4r x+ b )**+2^x+^*(jr+* 

x*+ 6x 



'» 



ix-^i* 
ix+i* 

* 
TBerefore X'\- b is the grjeateft common dvvifor* 

3* To find the greateil common divifbr of 
4. To find the greateft common meafure of 



F R A C t t O N d. II 

P R O B L E M V. 
To reifttce a frA^im n iu k'mfi ##f^i'« 

R U L E. 

1 . Pihd the gl^eateft comniofl ifteafate^ fts In the 
laft problem". 

2. Divichc both the terms of the fraflion by the 
common meafure thus fo«ttd» and it will reduce the 
.fradion as Inquired. 

fiXAMPLfiS: 

1. Reduce /^ . ^^ to its lowefl termst 

#- 

Tiirtfcn c+x is tin gnatiifi common rnHfan^ 
and ^+;p)-ff±f!^!=r4ii maitm rmirfl 

2. Having - ^ 'y^ .. ^ givcto, It is required ta 
reduce it to its Icaft terms, 

I " ■! I.I _ 

$r x-^hXx^^^hx-\-b^{x-\^l 
>f*-f- bx 



bx+b^ 
ix-i^b^ 



it F R A CT I ON S. 

Titre/ire *+i$s the rriattfi nmnunmea/urt, 

t. To r«da.ee ...y „. to its loweft terms. 



■'■' ■' ' I " » 



P R O B L E M VI. 

RULE. 

t. Reduce the fraftions to a common denomina* 
tor, as in problem the third* 

2. Add all the numeratora together, and under 
their fum write the common denominator, and it will 
|[ive the fum of the fra^ons required. 

examples: 

I. Having — and — given, to find their fum» 
* 3 



2X3 = ^ 



il+if i^ill-fim required. 
6 6 6 
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2 . Having —» — and — given, to find their fam. 
. ^ d f 

aXdKf = adf 
cX^Xf Zi elf 
tXbxd = eid 

hxdXf-Tibdf 

bdf^ hd/" hdf . bdf ^ * 

3. Addn— 5f! izwdT i+iHir together. 

;p — z^ Xh =r ** — 2^* 



b Xc zz be 

"^ IT 

, , bx — 2 ^* 

^+ -z; — 



be 
A. Ada 11 ^»^— together. Sum '^^^'*"f^^ 

c. Add—, JL ««</ iL together, ^jwip ^+-iL 
234 12 

6. Add fiZi a»d if together. fiiww ^SfZ^l 

3 7 *' 

7. Add x+^Z:^ and 3x+lf^ together. 

3 4 

^«». 4;r+ — tSUILZ 

^ 12 



34 FRACTIONS. 

PROBLEM VII. 

^9 fubtraS onefraSion^ quantity frun another, 

R U L E. 

t. Reduce the fm<6Uons to a cominon donomina* 
tor, as 10 additioH. 

2. Subtract the numerators from each other, and 
under their difference write the CQipjnon denomina-^ 
tor, and* it will give the 4iilertnee of ihe fradl^ons 
required. 

examples: 



J • To find the difference of — j^nd ^ 



3 " 

2xx 3=1 6x 



3XU=:33 _ 

V V Aj^ ^^ *jf art AM ■ ' 

•— - — — i^L-iZi difference required^ 
33 33 33 

2. To find the difference of i=f and fflldf . 
3^ S^. 

X — a X5f=:'5cjf — 5«? 

2tf-— 4Jf X 3i?r=6tf ^*^ 1 2 Af 

3^x5^=15^^: 

*<r^ — C /z<: 6ah-~^ izhx c f ;r — c^c-^ai + ' 2 for «^ 
< ji — — 1 . ■ . f ;:: -^ m , -^^ = — S 

difference required. 



FRACTIONS, 

3. Fi-om H take ?£. Difference iif . 

7 9 63 

4. Froml±ftake4. Difference ±±^^:zt. 

b a bd 

5. From J^ take il±2. 

5^ 8 



€• From 3<v+-T- take ic — ..^ 

^ be 

. PROBLEM Vin. 
^9 muhifly froBi^jftal quantities tegetber* 

% t 

RULE. 

Multiply the ivumerators together for a new nu- 
inerator> and the denominators for a new denomi- 
nator^ and it will give the prodadl required. 



s X AM p L E s: 

i« Find the produft of Jl and -if. 

6 9 

* X 2 ^ j =^il=:— =: frodua reouind. 
0x9 -J 54. 27 ^ ^ 

D 



V 



a6 FRACTIONS. 

2. Find the produft of — , zf and — . 

2 J 21 

2X 5 X 21 J 2IO 21 '^ ^ 

«. Find the produft of JL and iif.. 
^ a .a+c 

xXX'{'al x*+ax ^ . . . . 
— : — f =: -TT — z: prtduS requited. 

4. Find theproduaof H and 1±. Prpdu^lff. 

c. Find the produft of 1-andli.. Prtf4^»iff liL . 
■> ' 5 2« 5^ 

6. Find the continued produft of — , I — and 

a c 

3^^ , I^odua gxa* 



and 
I^odu^ gxa. 
7. Find die produA of t+ — and — . 

X 

S. Find the produft of — j— and — — . 

PROBLEM IX. 
To divide onefra&ional quantity fy anetben 

RULE. 

Invert the divifor, and proceed as in multiplica- 
tion. 



) 
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BXAMPLES: 

!• Find the quotient of di voided by -1-. 

3 9 

Jif p gx 3 

a. Find the quotient of if. divided by il. 

b - d 

2a d ,2 ad ad 

3. Findt^equotientof-i±fL divided by-i±i. 

SITII^ 7+2-^ 2;.*-;^^* ■= q^^i'^^ntrequir. 

. 4. Divide ££ by. ££. ^.//V«/ i^. 

3 3^ ^ 

5. Divide ilZ^ fey 3£f . $^^,//V«^ l=f. 

6. Divide ^7^' by ^±^. 

I* 

^otienf x+ — • 

X 



INVOLUTION. 

Involution is the raiiing of powers from any pro- 
pofed root ; or the method of finding the fquare^ 
cube, biquadrate, &€• of any given quantity. 

D 2 
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INVOLUTION. 



RULE. 

Multiply the quantity into itfelf as often as is de- 
noted by the index, and the laft product will be the 
power required. Or 

Multiply the index of the quantity by the index 
of the power, and the refult will be the fame as 
before. 

Note, When the fign of the root is -f- all the 
powers of it will be -^ ; and when the lign is — 
all the odd powers will be — , and all the evea 
powers +. 



My root 



a^ zz/quare 

\^ zz cube 
a^ zz ^tb poiver 

:* zz ^th po^wer 





9^2* z:^fquare 
2ja^ := cube 
Sia* zz J^h pofwer 
243 «' zz ^th pA'wer 

4 a^x^ zz fquare 

8 a^x^ zz cube 
i6a^x^ zz ^th ponver 
32aV° =: ^th p(mjer 



f^~ 2= tuie 



X • 

— zz biquatlrate^ 



INVOLUTION. 29 



+ ——::zMare 

%a^x^ > 

— -r- = cube 

30 I 276^ 

i6a^x^ 



X + a 



x^+ ax 


+a* 


=y^» 








^a- 




+ ax'-'^-zd 




•V 


x^ + ^ax^+$a 
X + a 


^^ + 


tf': 


'Z^uSe 


+ ax' 


» + 3« 
^+3« 


'x^+ 


a^x 

la^x 


+a* 



** + 4^^3 + 6« V + 4«3;,f -I- tf ♦ — 4/^ power. 



EXAMPLES FOR FRACTICE. 

1. Kequircd the cube or third power of la^. 

2. Required the 4th power of zd^x. Anf, vSa^x*. 

3. To find the 3d power of — 8;p^3. 

^ 3 
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4. To find th^iqaadr»te of — 



zc^x 



lb- 

5. Required the 5tli power erf" «— ^. 

Sir ISAAC NEWTON's Rule>- r«/>j- 
a binomial or rtfidual quantity to any fonjuer nuhat^ 
e<uer* 

1. To find the terms nuithout the co-effcients. The 
index of the firft, or leading quantity, begins with 
that of the given power, and decreafes conthiually 
by I , in every term to the laft ; and in the following 
quantity the indices of the terms are o, i^ 2, 3,, 
4, &c. 

2. To find the uncia or co-efficients. The firft is 
always i, and the fecond is the index of the power i 
and in general, if the co-efHcient of any term be^ 
multiplied by the index of the leading quantity, and 
the produft be divided by the number of terms to^ 
that place, it will give the co-efficient of , the teria 
next following. 

Note, Tlve whole number of terms will be one 
more than the index of the given power ; and when 
both terms of the root are + , all the terms of the 
power will be + ; but if the fecond term be — , then 
all the odd terms will be-|-, and the even terms — ^ 



examples: 

I. Let a+x be involved to the fifth power- 
The terms ^without the co-efficients ivill hi 
**> «V, a^x^, a^x^» a^» ;c% 



EVOLUTION. s» 

^ and the €9'ejicients wll he 
i , r 5X4 'OX 3 10X2 5X1. 

2345 
or I, 5, 10, lo, 5, I, 

jffrd therefore the ^th power is 

2. Let *— tf be involved to the 6th power. 

The terms ^without the co-efficients nuill be 
x^, x^a, x^a^t x^a^t jp*tf*, xa^, «*, 
and the co-efficients ivill be 
« /; ^X5 15X4 20x3 J5X1 6-Xi. 

• 2 3 '45 ^ 

^ i> 6, 15, 20, 15, 6, I, 

And therefore the Jixth ptfwer of X'^a is 
9fi^6x^a+ i5;r*a*—2CwV + I5*^*ii*— 6;v«Ha^ 

3. Find the 4th power of x^a. 

Anf Af*— 43e^«+6**«*— 4Jr«^+fl*. 

4* Find the 7 th power of x-^h. 
Anfx'^'\-'jx^a+2ix*a^ + ^^x^a^ + ^^x^a^+2lx*a^+ 
jxaP+a'. 



EVOLUTION, 

Etnltttiou is the reverfe of involution^ and teaches 
to find the roots of any given powers. 



CASE I.' 
To find the r^oti of fimple ^uantiiui* 



% 



5« EVOLUTION. 

RULE. 

Extrafl die root of the co-efficient for the nume- 
rical party and divide the index of the letters by the 
index of the power^ and it will give the root re* 
quired. 

rXAMFtESr 

' a 

1. The fquaie root of gx^rzyx^=:^xv 

3 

2. The cube root of Sx^=i2x^iz2x, 

% 6 

3. The fquare root of ^a^:^zza^x^*/'^iiax^A/z^ 

3 6 

4. The cube root of — 1 2^a^x^zz^a^x^zz:zax*', 

5. The biquadrate root of i Sa^x^zzzd^x^zzzaxK 

C A S E IL 

Tl'o Jind the fqueure root of a compound quantity*. 

m 

R u L e; 

f* Range the quantities according to the dimen- 
Sons of fome letter, and fet the root of the iirft term, 
in the quotient. 

2. Sabtradl the fquare of the root, thus found » 
from the firil term, and bring down the two next 
terms to the remainder for a dividend. 

3* Divide the dividend by double the root,- and 
fet the refult in the quotient. 

4. Multiply the divifbr and quotient by the term 
laft put in the quotient, and fubtrafl the produ6l 
from the dividend^ and fo on, as in common aiith- 
metic. 



EVOLUTION* 3$ 

examples: 
I . Extra£l the fquarc root of 4«*+ 1 2a^x+ 1 ^a*x^ 

l2a^x+ ptfV 



' m< ■!■ ■■■ 

2. ExtraAthefquarerootof jp*— 4Jc'+6^*— 4*+ !• 






2;v*— 4^+ l)2;»r*— 4V+ I 
2JC*— 4;ir+ 1 



3. Required the fquare root of a^+j^^x+6a^x* 
+j^^+x*. -^^ a^+2ax^+x\ 

4. Required the fquare root of at*— 2;c*-f2 — — 



X . I 



+ 



2 16* ^«/ **"■•*+ T 

5.. Required the fquare root of a^-i-x*. 

2« 8tf' i6«5 
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CASE III. 
To find the roott of powers in genera!. 

RULE. 

1. Find the root of the firft term^ and place it io 
the quotient. 

2. Subtrafl the power, and bring down the fecond 
term for a dividend. 

3. Involve the root, laft found, to the next loweft 
power, and multiply it by the index of the given 
power for a divifor. 

4. Divide the dividend by the divifor, and the 
quotient will be the next term of the root. 

c. Involve the whole root, and fubtrafl and di- 
vide as before ; and fo on till the whole is finifhedr 

IXAMPLS8: 
!• Required the fquare root of «*-^2fl^;(f+3«*;r* 
«♦— 2a';if + 3«V— 2<wp'+**(tf*— tfx+;r* 



2tf*) — za^x 



«♦— 2tf^;ir+ nV 



2«*)2a*jp* 



n^-^ia^x+'^a^x^^zax^+x^ 



SURDS. 



35 



2. Extraft the cube root of x^+6x^^^j^ox^+g6x 
-64. 

;r«+ 6;r5 — 4o;t3 + 96;^— 64(;r*+ 2;r— 4 

x^ 



^x^) 6x^ 



x^+6x^ + i2x^+Sx* 



3**) — I2AP* 



** + 6x^ — 40Af' + 96;^— 64 

I 

3^ Required the fquare root o£a^+2ti&+2ac+^* 
+ 2^C+€\ Jft/.a + ^ + c. 

4. Required the cube root of x^^6x^ + i^x*^20 
x^+lSx^-^ex+l. Anf. ;c*— ^;r+i. 

5. Required the biquadrate root of i6«*— 96^';^ 
+ 2l6a*;r*— 2i6A»5 + 8i;r*. ^ Anf, za^^x. 



SURDS. 

turds are fuch quantities ai{ have no exa£): root^ 
and are ufually expreffed by fra^onal indices : thus, 
the fquare root of 2, and the cube root of 3, &c. 
cannot be exaAly determined^ but may be denoted 

by 2* and 3^ &c« 

PROBLEM I. 

T4 reduce a rational quantity to the form of a Surd* 



v^ SURDS. 



RULE. 

Multiply the index of the rational quantity by the 
index of the furd^ and over this new quantity place 
the radical iign, and it will be of the form leiquired* 

examples: 

1. 3 reduced to the form of -/7 is V's^^^^/J* 

2. X reduced to the form of ^ a/* is-'v'^"'=^^v^*'' 



'^. a-\-h redu ced to the form of V^^ w i/a+^*=: 
4. -_ reduced to the form of */€ is 4/ ^ ^ 

PROBLEM IL 

To reduce quantities of different indices to other equi" 
*valent ones, that fl?all bame a common index. 

R U L E. 

1. Divide the indices of the quantities by the 
given index^ and the quotients will be the new indi- 
ces for thofe quantities. 

2. Over the faid quantities, with their new indi- 
ces, place the given index, and they will make the 
equivalent quantities required. 

examples: 

I I , 

1. Reduce 15? and ^ to equivalent quantities 

(laving the common index |. 
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Therefore Vj^ and .91 r =: f!«^/#^*« rffirfnr^ 

I 

2. Reduce «* and *^ to the fame common in^dcx |. 

Therefore a^y and ;c?p =: quantities required, 

3. Reduce 3* and 2^ to the common index -J. 

^«/I 27)' ««<r4i' 

'¥1, 

. 4. Reduce o^ and h'^ to riie common index \. 

An/. '^^andT\^. 

5; Reduces" and ^»' to the fame radical fign. 

An/ «*Vtt« amd """v*^'. 

P R O B L k M ni. 

• • • • 

To reduce fur ds to ^their moftjtmph terms, ' 

I ^ ' ■ . * 4 

R U L E. 

Find the root of the greateft' power contained In 
the given furd, and iet it befpra the remaining 
quantities^ with the proper radical fign between 
them* 



SXAM PLBS: 



1 . •48=sv^ jxi6= Vi6 X V'3;=4y;3* . ^ ^. 

2. v'7S=r>/25X3rr \/23XV3— sVs- ' 

E 



3« SURDS. 



3. V8i=:V2 7 X 3=V 27 X V3r=3 V^. 

4. v'49«V=:v'49tf*x*=v^49«»xVJ«'=7^v^;p. 

iwr— ;r*P, 



27«--27*| "^ 3 a^x\ 



PROBLEM IV. 
To aild /urd quantities together* 

RULE. 

I • Reduce thofe quantities that have tinlike in- 
dices to equivalent ones, having a common index. 

2. Bring all fra^ons to a common denominator, 
and reduce the quantities to their fimpleift terms, as 
in the laft problem. 

3. Then, if the furd part be the fame in them all, 
annex it to the fum of the rational parts, with the 
ftgn of multiplication, and it will give the total fum 
required. 

If the furd part be not the fame in all the quan- 
tities, they can only be added by the figns -f and ^ 

BXAMPLES: 

1. 2\/5+7\/5=2+7XvfS=29V5._ . 

2. 1/27+ •48=3 v^3+4V3=7v'3- 
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3."5o^^+io8l^=i25X^|^+27X4)'?=5X43 
+3X4.^=8x4^ . 



4. v'27^*.^+\^3«'^^'=:v'9^X3;c+V^«V*X3Ar, 

^3<»*v^3*+«*'v^3'*'=3«+^X«X v'3Jp. 

24 , 2 ' 72 CO .36x2 . 

^ 25 3 75 75 75 

25x2 2 2 2 

75 7S ^ 75 75 

^32 108 ^8x4^ 27x4 2 



« . . ^' «♦ . ^* a* 



7- ^T + ^^=^2?+^2P=T-^^Ar+ 



PROBLEM V. 

To fahtroQ furd quantities^ 

RULE. 

Prepare the quantities as in the lafl rule, and an-^ 
nex the diiFerence of the rational parts to the com- 
mon furd, with the iign of multiplication. 

Examples: 

I. 3v'i8— •i8=:3 — iXv'i8=:2i/i8. 

E 2 



40 SURDS. 



2. 2^/50— V'I8Z=2V25X2 — V'9X2=2X5X 

•2 — I X3X v'2=:7v/2. 

3. '•192— V24=V64X3 — V8X 3=4X33 
— 2 X3'z=4— 2X3^=2 X3^ 

4. A/So£ith e^\/20a^x^ =: \/ 1 o^-* x ^x—- 
x/^a^x"^ X 5;r=:4^i*^5^ — 2ax\/^xzzj^*'^2ax 
X\/sx* 

^24 ^2 72 CO ,36X2 

.25 3 75 7S 7S 

^2cxi ^ 2 ^2 7 ^ 2 

*7 4 3 4 4 ' 

3; 3 4 3 4 

7^ V--V-^=V^,-^;:^=-j-xy-^- 



f» 



I ** — f» , 1 4 ^*— f* 



P R O B L E M VI. 

y;^ mi^ttffyfurd fuantiiits together. 

RULE. 

Reduce the furds to the fame index ; and then the 
produd of the rational quantities being annexed to 



iTi ni ir — - ■'^- ■ 



SURDS. 



4« 



the produ^ of the fords; will give this whole pro** 
4ud required. 



BXAMFLSS: 

I 

2. 3^BX2V'6=3Xa-/8x6=;6\/4S=:6\/i6X3 

r:4X6xV3=:24V3. 

2 I 1 7 2 8 ^^76 
3 •-r-X— •-^-<=:— •~X-i■•-^=:— 
3 8 4 ^ 10 3 64 4 10 1* 

56 _ I - 4XM._ ' V * v^ 14_ a ^ 
^640 - 2 ^64Xio-T^T^.^ 10-16 ^' 

10 8 •"' c ♦ • . . ' v^ 



xV— X 

3 * 



4. JLxV— X— xV— =- 

32 5 4 3 

* a - 3 ' ^ a .3X3 ' a - 9 

5 .12 3 5 2X12 IS 24 

15 8 IS 2 ^ 30 ^ 

5. a»Xfl3=a5x«^=«*=i:a1^. 

6. 5xMx6*M=S*^J'*'x6;r"jr*^=:30;r** 



^^^=30X^5^^ 



=1 



x*+y 



sVi 



C^+Jl* 






E 3 



3 



4© SURDS, 

2. ,2^/50— v'»8=:2\/25X2—-v/9X2=:2XSX 
v'2 — I X3 X V'2=:7 v/2. 

3. 5^/192—^24=^64X3 — V8l<3=4X3 
i i i 

— 2 X3'=4— 2X3^=2 X3^ 

4. v^8ogty-^\/20gV^=::\/iOg^X j;c — 

ii/4^iV^ X ^xzz.^^'/^x — 2«4?\/5Jf=4<i*— 2^4? 
X v'5Ar. 

24. 2 72 CO .36x2 

25 3 7S 75 75 

75 7& 75 -75 

75 

]; 27 4 3 4 4 ^ 

3: 3 43,4 

^ ^ f^ ^^* y^ ^*^ yl 

7- v'T"-^-F=^7^*""^^=T^^7J-^' 



f* 1 



X •-T= — r- >< 



^*— r* ^ I A ^*— f* 



v^^- 



i --^cb- b. cb ^^-^^ 

1 

' P R O B L E M VI. 

To mujtiffy/urd fuantitin togetBir* 

RULE. 

Reduce the furds to the fame index ; and then the 
produft of the rational quantities being annexed to 



V. 



SURDS. 



41 



the produa of the furds; will give thfe whole pro- 
4ud required. . 



B X A M F L E 8 : 



1. ^io>fv:5=y50=^a5X»=5V'2. 

2. 3 i/B X 2 V'6=:^3 Xiv7xS=:6V48=:6 •7^X3 
=4X6x>/S324V3. . - 

3. o 4 10 3 04 4 10 IX 

3 25 4 3 * 

5.. " 3 5 ^ *X12 15 '^ ^1^ 

^ ' '^ I I 4- 1 •>• 

=^X3v/^=:-4.x-.X3'=— X3^ 
15 8 15 2 •* 30 

i A -5 * 1 *— si 

5. «»Xtf3=za^X«^=tf*:=«5|^. 

6. 5*^j^x6*^j*=:5;r^^*»x6;r^»'fif=:W* 
la . I - * 



jf'*^=:3oX;r*'t?''^l^. 

=P)i .=5i =:5>* 

Si^-fj' I X;v+/J s^+j'l * 



4^ 



5' U. R. D S. 



8. 



I i 



Jl 






<^ 






f 



10. *+\/yX*-rV'j?^Jr*— > 

ii. X'^xy/axy'-y^/azzxy^z;cyi^a-\'axj. 

p ^ a B L. E M yii. 1' 

f ^/ViV/ onefurd quantity ly amther* 



RULE, 

* * * • 

Reduce the fardsrto die fame index ; and then the 
quotient oi tk'e^pationftl qjianthtes being annexed to^ 
the quotient of the furds^ will give the whole quo- 
tient required. 



V. 



examples: 



2 6 

= X2v^2. 



S. U R 0- S^ 



4S^ 



5. ±^/JL^±vJ.^J.x^x^^^xJ^ 
4 135 3 5 ' 4 3t 135 I 

-^ 135 8 9x3 8 3 



8 



4- -rx Vt^-h-^^x V~=^x^x 

7 '89 5 772 



189^ ^« 



8 



4^ 3-' 



, 2 f i 3 i -f ^ J I 3* 
5 / ^ S 

3 "5 I 



^y' = — X 

4 S 



7. i+j1^-f-^+ji| *=*+jr-r^+^^=:AP+j(^. 









jji „t ^ j^,0 ^, 



I 

Mrw 



10. **— ;r^— ^+^/\/^-i-J^— V'^=:;e+V'*-./. 



PROBLEM Vm. 
STi^ involve /urd quantities to any power. 

R U L Er 

-KltfUp]y di« ihdhfir of tHe quantttyt by' tbfc iodex 
<tf thtf ^wer to'be Kaifed,- and to* die rault annex* 
tftepc^w^^fStfee jiatioiii^ pairtsi. and it will be vx^, 
volvcd as required. \ 



^6 



INFINITE SERIES. 



RULE. 

Divide the numerator by the denominator, as in 
common diviiion ; 'and the operation continued, as 
far as ihall be thought neceiTaryy will give the feiies 
required. 



examples: 



ax 



I. Let -^1. be propofed to be throwA into an in- 
£nite ieries. 

AT* X^ X^ 
, 0—^)^... (X + — + -T+—&C. 

a «r or 
ax'-^x^ 



X* 



a 



a 


a' 






*♦ 






a* 






*♦ 


x* 




a^ 


a^ 



(iTf. 



INFINITE SERIES. 47 

9. Let ^ I ■■ ■ be propofed to be thrown in« 

to an infinite feries. 

a*+2ax+x* 



-^lax-'X^ 






- 2J»r' 
3.**+ — 

a a* 



«* a» 



3. To throw into an infinite feries. . 

a-^x 

■^ « fl* ^ ^3 -♦ 



«3 «♦ 



4, To-throw into an infinite feries. 

X \ X^ X^ XT 

«• To throw into an infinite feries. 



4S INFINITE SERIES. 

f i 

6* To throw -fiLlIfL- into «» mfiftitc i»ie». 

P R O B L E M IK 

T$ nduci a compound furAitUHLMtt infinite ferUs. 

R U L E. 
Extract the root as in common arithmetic, and 
the operation, contiaiifid as. far as fhall be thought 
ncccffiuy, will give the feries required. 

examples: 
I. Extraft the fquare root of «*+;ip* in an infi- 
nite feries. ' 



«» 



za td^ i6a' 128^1^ 



^> 



4« 






;r* **N 0^ 



X* a/^ x' 



X x^ \ 



.6 



4«* 8<i* 64fl 






frAts?^. 



8S*^i6tf« 



64 




INFINITE SERIES, 4^ 

'2. Throw x-^xV^ into an infinite feries, 

- - i^ X* x^ x^ cx*^ . . 

JnJ. x^^-^ 7—^ C5r, 

2 8 l6 128 

3, Throw «*— ;ifl * into an infi^ite feries. 

j^n/. a r-r— ■ .: ■ . ■ faff* 

•; 2/1 8«' 1 6a* 

4. Throw i--P|' into an infinite feries. 

3 9 «« 
PROBLEM IIL 

■s 

7*0 reduce a hinomial furd into an infinite feries ; 
'^r tn extras Any root vfei binomial* 

RULE. 

SubfUtute the particular letters of the binomial, 
with their, proper figns, in the following general 
form, and it mil give tfca root required ; obferving^ 
that P is the fir ft terra, Q^the fecond term divided 

by the firft, — the index of the power 'or root ; and 
*« ' 

A> B,. C, D, Sec. the fbregoing term»i with their 



1. To extract the fquare r00.ti-.9f f *--#%' in aft 
infinite ferie». ^ ' 



JO INFINITE SERIES^ 

Here P=:r*, Qs^r-r-* ^« "*= 

I. 

Therefore r^-'x'^—r+^h X-^ Bx 



r^ 



3'V , 5-** 



■*M* 



^lyaf, ^ reftoring the values ^ A, B, C, D, or. 

-^* £sfr. zzfiries required. 

a. To cxtraft the cube root of - ■ ' >^ la an ^a-* 
finite feries. 

T * T 

This expreJRon^ reductd^ is * =: a^ X tf»4-;r«l i 

Whence «»+;ri""^=:«r"5_^ A x-^^4-B X 

» 3 iB* 6 



_±C X JI^ILD X-flWr. =-i 



5;g^ 40.y^ 110^ g^ _ 1 ^ . » 

*9V^' .8iV-^ 243^V«<^ ^*^^V2i ^ ^ 

2X* CJIf* 40** , IICAf* J. 

3^' 9«5 Ji«' 243^1* 
Therefire .JL^^ -'-t X ; i -- ^+ i^- 



a^ 



^!L^c* m reptired. 



q~5jr 4it 341* 9** 



INFINITE SERIES. 5?! 



r* 



«. To find the value of -I—, in an infinite fenes. 



x^ x^ . x^ ,„^^ 



4. To find the value of .^ r 1 in an infinite 
feries. ^ . i+ Jl''^.iil+iifl y.. 



/?* 



5. To find the value of ^^~z in an infinite feries, 

^ rt rt* «' «* 

6. To find the value of r. . 1 in an infinite 

2rx^x^\ * 

■^'y' V'2r;v 4^^ 4Sr* 4,8. I2r' 

7. Find the value of «*--^'f in an infinite feries* 

8. To find the value of 1— 3c) * in an infinite feries^ 
g. To find the value of ^ JT*^ * in a feries. 

10. To find the value of -5 : in a feries. 



C 5* ] 

ARITHMETICAL PROPORTION. 

Arithmetical proportion is the relation which two 
quantities, of the fame kind^ bear to each other^ 
with rcfpeft to their difference. 

Four quantities are faid to be in arithmetical pro- 
portion, when the difference between the firft and 
fecond is equal to the difference between the third 
and fourth. 

Thus^ 3, 7, 12, 16, and a^ et-^hy c, f-f^, are 
arithmetically prcporticnaL 

Arithmetical progrejjion is when a feries of quanti- 
ties cither increafe or decreafe hy the fame common 
difference. 

l^hus^ 2, 4, 6, 8, 10, 12, &c. and ay a-\-by a-i-iS, 
tf-f3^» « + 4^» ^ + S^> ^c* are /cries in arithmetical 
progr^JJtQny ivhcje common differences are 2, and h* 

'I'he moft u{eful part of arithmetical proporiioji is 
contained in the following theorems \ 

I. If four quantities be in arithmetical propor- 
tion, the fum of the two means will be equal to the 
fum of tlie two extremes. 

^hsiSy if 2, 5, 7, 10, and ay hy c, d, are in arith-^ 
metical proportion y then iviJl 2 + 10=15 + 7, and 
m-^d=zh^e. 

JI. In any arithmetical feries, the laft term is 
equal to the firll, more the produfl of the common 
difference by the number of terms lefs one. 

Thus the zoth term of z, 4, 6, 8, lo, 12, &c, 

is =2 + 20—1 X2=:2+ 19X2=2 + 38=40, 

And the nth term tf ay a-\- x^ g + iXy fl + 3*", a + jye, 

Scc.*is =r<r+«— I X;ifir«+«— iJf. 

III. The fum of any feries of quantities in arith- 
metical progrefSon, is equal to the fum of the two 
extiemes multiplied by half the number of terms. 

Thus the /im o/* I, 2, 3, 4, ^, 6, Sec, continued to 

the zoth term, is =--^- = 1~ = ^' ^ *°== 

22 

20=210. 



GEOMETRICAL PROPORTION. 55 

Andtbefum of n termt of g, «+;r, «+ 2Jr, a^ix, 

ftc, t0 4+mic, is — -X-J: =i«+ — • 

2 2 



GEOMETRICAL PROPORTIOlSr- 

Geometrical prof ortion is that relation of two quan* 
titles^ of the lame kind, which arifes from confidef'- 
in^ what })art the one is of the other^ or how often 
it.is contained in it. 

In four proportional quantities, the firft and third 
are called the antecedents ^ and the fecond and fourth 
the con/equents* 

Ratio is the Quotient which arifes- from dividing^ 
the antecedent by the confequent, or the confequent 
by the antecedent, ' 

Four, quantities are f aid to i'e proportional^ when th»" 
£rft is the fame part or multiple of the fecond, as 
the third is of the fourth. 

Thus, 2, 8, 3, 12, and a, ar, t^ hr, art geometric 
cal proportionalsi 

DireS proportion iswhed the fame relation- fubfifU 
between the firft term and the fecond^ as between 
the third and the fourth. 

TkuSi 3, 6, 5 4 10, and x, ax, y, aj, ar^ in din^ 
proportion* 

, £eeiprocal, of inmerfe^ proportion^ it when one 
quantity increafes in the fame proportion that ano« 
ther diminifhes« 

Tbus^ 2, 6, 9> 3, and ai ar^ ir, b, are in inverfe 
proportion* . 

Aferies of quantities' an faiS to be in pometrical 
prjsffceffiony when the firft h^s'^he fame ratio to the 
fecond, as the fecond to the thirds and as the third 
to the fourth^ -&C* 

F 3. • 



54 GEQMETRICAL PROPORTION. 

nus, 2, 4, 8, 16, 32, 64, &c. and a, ar, ar*, or*, 
flr*, ar^j ^c. are feries in geometrical frogrejjion. 

The moft nectary part of geometpical proportion 
is contained in the following theorems. 

1. If four quantities be in geometrical proportion, 
the produft of the two means will be equal fo that 
of the two extremes. 

Thusy if 2, 4, 6, 12, and a, ar, I, hr^ be geome^ 
trically propoHional, then' av/7/ 2X1211:4X6, and 
aXbr^zixar* 

If. If four quantrties be in geometrical proper^ 
tjon, the reftangle of the me^ns divided by either 
of the extremes will give the other extreme. 

Thus, if 3, 9, 5, ly, andx, ax,j, ay, are geome- 

trkalpropoirtionals, ihennjuilii, — i~ 1 5 , and ^zzx* 

III. The fum of any feries of quantities in geo- 
metrical pPOgreffio.n, . is- found by multiplying the 
lafl term by the ratio, and dividing the difference 
of this produft and the firft term by the ratio lefs 
one. 

Thus, the'fum'of z, 4, %, 16, '3 2, 64, 128, 256, 512, 

C 12 X 2»— 2 
rj ^ ■■.■ i\ =I024-^zm022. 

And the fum of n terms of ^, ^r, or*, tfr^, ar'^, ^.Cy 

I f..i • ar'^-l^.r-'-a ^r*'^a 
to ar^^g ts , • ., • ^ ^ 1— 

IV. If four qiifUitiiiea; ^z, b, c^ d, or '2, 6, 5, 15, 
are proportioio^l, then will any of the following 
forms of thofe quantities be alfo proportional, 

\, dire^y a\h':^c\d.ot*2.vS\\^i\f^. 

2. in'verfely b\a\\d\c or 6 ; 2 :: 1 5 : 5, 
i. tJttnnaUly' 0.:c*A'b:d or 2:5+^:15. 

^^ ]Comp<mnd€dly axa-{^h\\c\c^dor z:%:\^izo. 
5, dvvidtdly a : h-^al\c xd-^-c jot 2 : 4:: 5:10. 
o. mixtly h'\-a\b^'a\\d'^c \ d'-^t ^ ^iJ^Wioi 10.' 
7 . by multiplication rairb\\c\d or 2 X 3 (6) : 6 X 3 

(«8)::s:i5. 



^ 



SIMPLE EQUATIONS. 55 



a 



8. by diijijton — : — ::c : </ tfr ---(i) : — (3):; 



5:15. 



SIMPLE EQ^UATIONS- 

An equation is, when two eaual quantities^ difie* 
rently expreffcd, are compared together, by means 
of the iign =:: placed between them. 

Thus 12— 51Z7 is an equation, expreffing the- 
equality ef the quantities 12 — 5 and 7. 

A Jimple equation is that which contains only one 
unknown quantity^ without including its power* 

Thus X'-^a-\-bz=.c is ailmple equation^ containing 
only the unknown quantity x. 

ReduSion of equations is the method of finding the 
value of the unknown quantity ; which is fhewn in 
llie fbllowiag rules* 

RULE L 

Any quantity may be tranipofed from one fide of 
the equation to the other, by changing its fign. 

• ^huSf if Jf+3:r7, then 'will x'l^j — 3:^:4. 
And, //*-.4-f 6=8, /;&tf«'tt)i//;r=f8 + 4— 6— 6. ' 
Al/Oy ifx — a-\-hizc — d, then<willx'zzc^d'\-a'^b» 
And, in like manner, if ^'^Slz^X'i- 20} then n»ill 
4;ir— 3;r=:20+8, or xzz.2%. 

R u L E n. 

If the unknown tferitt be multiplied by any quan- 
tity, it may be taken aw^y by dividing all tbe otlMs 
terms of the equation by it. 



jfi SIMPLE. EQJCJ ATI ON Sr 

y^iw, if axzzah^a, then willxzii'^i, 
And^ //^ 2^+4= 16, then. wU ;ip+2=:8, and xzn 
8—2=6. 

In likemannery if aX'\^zba'=zi^, thenwllx-fzBi:! 

if-, and ;ir=:2i— 2^, 
a a^ ^ 

RULE in. 

If the unknown term he divided by any quantity^' 
it may be taken away by multiplying all the other 
terms of the equation by it. 

Thus, if — =5 + 3, /^if» w///AK=io+6m9. 



2 



X 



And, if m^^zi.B'\-c~-df thenMviii x^zah-^ac^^adi 

a « • 

In like manner, if —.—— zi=;6<4t4> thtn. ivill 2;r— 6 

3 

r:i8 + i^,tfW2;*;=i8 + i2 + 6=;36, or x:iJl.zz.i^ 

2 



a U L E LV^ 

The unknown quantity in. any equation. may be 
made free from fuitls, by tranipofing the reft of the 
terms according to the rule, and then involving 
eadi £de to fnch a power as. is denoted by the, index 
of the faid furd. 

* 

Thus, if ^/x-^zzzid,, then w///Viifz:6+2=8,. 
^4/;t=:8*=64. *» 

And, if ^4x^4- i6=:i2> fi^».w//4;»+i6s:444, 

1 28 
dMMi^4;(p=:i44--l6s:i28> ^r'/rrt— -rrSV • - ' 



k 



SIMPLE E QJJ A T I O N S. 57^ 



In like manner, if 'v^2jf-f 3 + 4— 8, then will 
^v^zJf + S^S— -4^:4, and 2*+ 3^1 4' — 64, and 

sjf— 64— 3=:6j, or *•=:— L— 3o|. 

2 



RULE V. 

, If that fide of the equation, which contains the 
unknown quantity be a complete power, it may be 
reduced by extrading the root of the faid power 
from both fides of the equation. . 

Thus, i/x^-^Cx-}- 9 = 25, then 'willx-\' 3 :i v^ 25 n 5 » 
or;e=r5— 3=2. 

-^»^> if 3-^*— 9=21 + 3* then 'will 3**2:2l+j 

+^r:33, «»iiV*3=Ji.=;ii, orxzi»/\\, 

3 

2*"* 

In like manner, if +10=20, then *will 2jf*4- 

3 
30=60, tfW **+ 15=30, w ;r*=30— 15 = 15, ^r 

«'=\/i5. 



R U L E VL 

Any analogy, or proportion, may be converted 
into an equation, by making the produd of the two 
mean terms equal to that of the two extremes. 

Thusyifix', l6::5 : 10, then will ^xX 10=116x^3. 

t f> 80 2 

ema 30^=80, or xzz — zzz — . 

30 3 

And, if : aV*bic, then will zzah^ 

33 

ana zcxzz^ad, or xzz-^ — • 

Z( 



5« SIMPLE EQJJ ATI ON S. 

In likt mannfr, if 1 2— x : — : ; 4 : 1 , then nviif 

2 

iz-^xtzi-^zzzx, ana zx-i-xrzii, or ;(;=—- zta* 

RULE VIL 

If any (juantity be found on both fides of the 
equation with the fame fign, it may be taken away 
from them both ; and if every term in an equation 
be multiplied or divided by the fame quantltyj it 
may be ftrack out of them al]* 

TLusj if ^x+aszi+af tbm n»iH 4Jr=^i and 
h 

4 

-^nd, if $ax+^aiziSac, thin w^ll 3;ir-f5^=:8^» 

und x^:> • 

3 

In like manner, if H 1 = 12 L* then will 

^ V o 5 3 3 3 
Z»zz,\bf andxzzS- 



MISCELLANSOVS EXAMPLES.. 

1. Given 5;!?— i5=:2jf+6 to find the value of ;ri 

Firfi ^X'^zx^^S+i^ 
then ^x-zi 

anaxzz —7 

3 

2. Given 4J0— .6jr— .16=1 20--« 4^1? to find^c^ 

Fx/y? 14^^—^=120—40+ lif 
then 9x±zg6 

and, therefore x :3.2-. =: 1 2^ ' 



J 



SIMPLE EQUATIONS- ^ 
J. Let 5<Mf— 3^=2//^?+^ be given, toitnd;r» 

or ^a — 2</X;p=:r+3^ 
"* and therefore x'rzJflLl — , • 

4. Let 3**— iojif=8jr4-Af' be given tolln«l x» 

Firft, 3;c— io=8+;r 

and then 3;r— ;if— 8 + IO 

18 
therefore zxzziS, and ;pz:— nQ* 

2 

5. Given Sax^^\zahx'^z=.iax'^'\'(iax^9 to find x. 

Firjt, dividing the wobole iy yax'^, 'wejbcdl have 
2x — 4^;:;jr-|-2 
and then 2jr— Af=:2+43 
%obenct ;rr::2 -f 4^* 

^V j^f ^§ 

6. Let i— — (.— "= I O9 be .given to find x, 

234 

3 4^^ 
tfff^ then tx— 2;r4--~— =fo 

tfW I2;r— 8;r+0;r=240 
t^efore io<r=240 

7. Givcnf:z3 . :l=20-.iii2 to find ;?• 

//C/^, ;ir— 3+-2f.=:4o— X— 19 

itnd then ycr^^ + 24f — 1 20 — 3;r--5 7 
euid therefore 3*+ 2jc -f 34^= 120—57 ^9 



•«*» 



«o SIMPLE EQUATIONS, 
8. Let v^ ^ x+^zzj, be given to find A-. 



2 



3 



2 

X 



za 



9. Let jr+v'tf*+jf*=—=f=== be given to find ;f 

*a:hence a^x^ -j- zc^x'^zza^^ or. ^a^x^-rza^ 
•and confequently **= — -, -«W ^r: v'-— ^t:^ \/— 



EXAMPLE^.FOR PItACT-ICfi. * 

1. Given jr+i8=:3*'— 5;t»fijndjif. ^«/I*=iif^ 

2. Given 3/— flt+^rz^-? to findj?. 

•• uttu» y m ■ ■ ■■ - ■« 

3 
9-. Given 6/-r2;fit-io^20+3*'r^2 to find ;f. . 

4. Given 3^;?+— rj—^A'**^? tofind>.' 
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J. Given5 + f^ + ir=^ tofihd*. 

a 6 c ahcd 

6. Given —^!L^—-— to findjc 

2, 3 4 2 

7 

7. Given v^i2-f-*'z:2-|-\/* to find ;rm 

B. Given -v/tf*+;r*=:^+**]J to find ;r. 






9. Given ;r+fl=: •«*+-«-/ ^*+jf* to find x. 



PROBLEM L 

^0 exUrn^inate tivo unkfto<wn qufitititiefy or to reduce 
the tnxQ fimph equations containing tbemta a Jingle 07ie* 



R U L E L 

1. Obferve which of the unknown quantities is 
the leaft involved, and find its value-in each of the 
equations, by the methods already explained. ; 

2. Let the two Values thu» fotind be made equal 
to each other, and there wilt arife a new equation 
with only on^ unknown quantity in it> v^ofe value 
may be found as before. ' 



G 
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examples: 



1. Given { j*l JZ|J } »« «"«> * »"<^^ 

From thejirft equaiifin xzz-^ — ==^> 

And from tht /econd x z=l , 

Mnd con/equently J- — ^ zz » 

or 115 — 15J^=20+4J^, 
or 19^=115—20=195, 

<wbenci *r=-2II— §.=4. 

z 

2. Given j * jl^^^^ ] to find x and jr. 

From the firft equation ^=«— J'* 
and from the fecond xZLb-^y^ 
rhere/ore a^yzzA+y> orzyzza-^^, 

and con/efuently y zz. « 



2 



And xziA'^y-zza"^' ^'^* 

•^ 2 2 






10 find X and jf. 
3 



2y 
/rflw /it^/r/ iquaiion x= 14 — T' 

ly 
SMdfrom tU fecond x zz 24^-7 ' 
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Therefore 14 ^=24— =^» 

. ^ 3 2 

. 9V 

ana ^2 — lyzzjz * 

©r 84~4y=:i44— oy; 
ivbence ^yzz 144—843160, 

ana yzz. — r:i2, 
5 

, 2y 24 ^ . 

4. Given 4A'4:)' =13/1, and 4>'-f •*■— 16> fo ^"^ ^ 
and^. u^^. *=:8, andyzzz, 

^. 2;r ^ ?y g , uj^ 2y 61 

ff. Given {r^rz-^, and-^^ — 1--^= , t» 

5 4 20 4 5 120 

find X and r. ^ >. i , I 

^/r/. x^zi — and ^n — • 
2 3 

£• Given x+yzzsi and x'^-^y^zz-d, to find *• andj?^ 

2J "^2/ 



>^ 



.RULE -IL 

1, Confider which of the unknown quantities yoa 
would firft exterminate, and let its value be found 
in that equation where it is the leail involved. 

2. Subiiitute the value, thus found, for its equal 
in the other equation, and there will arife a new 
equation, with only one unknown quantity, whofe 
value may be found as before. 



Q z 
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1 



examples: 

1. Given { 3*1^^;^ '7 I ^ find * andj-. 

From the fir Q equation xzzij*^zy. 
And this ' value fu bftituted for x in the fecond, gi*ves 
17 — 2);X3— j'rzz, 

that is yy —5 1—2 1^4^ ; 
nvhence ^r:-2.n7, andm:=zi'j — 2^=17 — 14=12^ 

2. Given J-* +^=^3? to find* and y. 

/*rwi the fir ft equatiin xzi 1 3 — j^. 
And this 'value being fubftituted 'fir x in the zd, 
gi'vts 13— J?— j'.r:^, or 13— 2j?=3, 
that is 2^=13— .3 = 10, 
10 

3. Given j a\ 'a^-^ | to find ;if and j. 

Thefirft analogy turned into an equation 

ts tx'zzayy or xziz —, 

And this 'value of x fubftituted in the zd, 

^y^-c, or f^+y trr. 



^y 



h] 



ch' 



0raY+iY=^^^> ory^zz ^^ . 



^» 



and therefore yzz-^ — r 



i and x^L 



a^'+b'^ 
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4. Given — +yjzzgg, amJ-^ + '/x:::^!, to find 
xzndy^ Anf. xthj and yzin^ 

5. Given — — 12=:— + g, andi^+— — 8= 

^ 4 5 3 

—+27, to, find * and^« w#»/I *=:6o andyz:.^* 
4 

6. Given tf;^::;if:jr, and x^^y^znd, to find ap 



'^''^■■i^A-''''""''^:^^ 



3 



RULE IIP. 

Let the given equations be multiplied or divided^ 
by fuch numbers or quantities as will make the 
term which contains one of the unknown quantities* 
to be the fame in both equations; and then by 
adding or fubtrafling the equatiojiSy according a»i» 
required, there will arife a new equation with onljr 
one unknown (^n^ity^ as before*. 

EXAMTLBS^ 

f. Given P*iEzt!? to find ;^ and jt. 

i *+2j^C=I43 ; ,?* 

Firfty multiply the 2d equation hy 3, 
and'fwe Jhatl ha*ve 3fif+ 6^2342, 
Then, fr^m. this laft equation fuhtraS thejirjf, 
and ifwill gi^e 6y — 5^=42 — 40, cr j?zsa> -^ 
and therefore .*=: 1 4— ly^zi 1 4*^4=: i o. 

G 3 
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-2. Given ?'*T^^J? to4ind brandy. 

. X^/ tife I ft equation be multiplied by z^ and the zd by^ 
5 , and 'wejhall have i o** — 6;p = 1 8 

iar+2C/z:8a 
and if the former of thefe befubtraSedfrom the latter^ 
.,, . , 62 

«»// confequintly x'TZ^ — 2.^ /|^ tkefirft equation, 

5 5 ^ 

Another method, 

. Multiply the fir ft equation by 5, and thefecond by 2% 
and tve fli>all hanJo 25^— 1 5;^ := 4^ 

No*w, let thefe tnvo equations be added together, 

and confequently y^* , by tho. 2d equation, 

S 

/ 16—6 10 , ^ 

#r ji=— ^:r-^r:2 as before* 

,,fM M^ BLLANBOVS IXAM^LSI.' 

1. Given— —+8jr=:3i, and^^ — ^.^-lo^rszig^, 
to Ana sc and jr. jtnf xzzi^ and yrz^. 

2. Given ^+14=18, and -^^ — |- 16=19 

2 i' 3 

to find ^ and jr. Jnf ^^^ andy^x^ 



S I M P LI .EQJJA T 10 N S.. 6f 

^. Given ^f^^+—=B,^nd^^=^-y:=iU 

to find X and j^. Jn/, xzz6 andyznZ^ 

4. Given ax-^6jnc, and dx-^-tjzzfi to find x 



PROBLEM IL 



76 extermnttti tbrn unift^mm quantities, or to re- 
duce the three Jimfle equations, containing them, to a 
Jingle one* 



r 



RULE. 

1 . Let Xy jy and jb, be the three unknown quan- 
tities to 'be exterminated. 

,2. Find the yalne of x from each of the three 
^ivea equations. 

' 3. Compare the firil Value of x with the fccond, 
and an equation will arife inyolving only j and s:. 

4. In like manner, compare the fiiil value of x 
with the third, and another equation will arife in- 
volving only jp and «. 

5. Find the values of y and x. from thefe two 
equations, according to the former rules^ and x, y, 
and % will be extermiiiated as required. 

'.Ihifi Any number of unknown quantities majr 
be' exterminated in nearly the fame manner, but 
there are often VHich ihorter methods for performing 
the operation. ^ whkii will be beft learnt from. 
praCuce. 



6% 
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examples: 



to find X, J y aikds;. 



{x+ y-h aziap"] 
« 3 4 ^ 

/'rcw the fir ft equation x^zzg^-^yr^z. 

From tbefecond x=62— 2y— 3X. 

ty % 
From the third x^:z20 ■ 

32^ 

^whence 29— ^-^=:62— 2j-j-3«^ 

tf»^ 2Q-— y— K=:2a :! — — i 

32 

Itf/, yVo« thefirft of thefe efuatiottSyyzzSz^zg-^Zf^ 
=33-2«, 

«W firom the fecond J' = 2 7 — i-, 

2 

/j^^r^rr 33— 2«=:27i—i?, dr«±:li2, 

tf»i/>=^2— 29— 2a;=:62— 29— 24=:9x 
andxzzzg^y — k =29—12— 9=8. ' 



a. Given -< 



-+i+-=62 
234 



X y % I 

-+-+-=47 > tofindx, j!», and «- . 

3 4 5 1, 

\ X y % ^ I 

JPiV;?, the gi*oen equations, cleared of fra^ioni, hcom 

I2«'+ 8;+ 6«=:i488 

2OX+ 1 5^+ 1 2«=2820 

' 30;r-j;-24X+20a=i456O' 
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^hen, ifthefecond of theft equations be fuhtraBeii 
from double the fir ft, and three times the third from fi^t 
timef the fecondy njoe Jhall have 

^nd again, ifthefecondofthefe be fubtra£tedfrem three 
times thefirft, it ivill give 

J2A'— io;m:468— 420, or x =1-— 24 

2 

Therefore yznise-^J^-eo, and tc-l^^II^^Zll^ 

6 

= 120. 

3. Given *'-fj?+«=:3i, x+y^KZZZ^, ,and «— j> 
— «=:9, to find A-, jr, and «.* 

jinf jr=:20, j^rrS, and si^zz^* 

4* Given x+j^zza, x+z:zi6, sokdy+zzzc, to find 
X, y, and «. 

r <Mr + fy + f JBZSfW 

5. Given < ^^+ipj;+/^=« J" to.find ir, j^, and «• 
igx^hj-jr^*'- 






A COLLECTION OF QUESTIONS 

PROPUCING SIMPLE EQUATIONS. 



I. To find two numbers^ fuch that their fum ihall 
be 40, and their difference 16. 

Let X denote the leaft if the tiuo numbers required^ 
then will *•+ 1 6 zzto the greater , 
and x-^-x-^iS =40 by tie queftien^^ 
. that is 2x:r:40'^i^zz2j^, 
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#r xizZ^lzz lizz. haft number ^ 

andx-^ l6zri 2 + 16—281= greater number required, 

2. What number is that whofe \ part exceeds its 
\ part b/ 16? 

Let xtz number required, 

then *wi!l its \ part be , and its \ part — ; 

3 4 

and therefore— iLii:i6 by the queJILon^ 

3 4 

that is ;c— 5^=148, or ^ar— 3^^=192 ; 
nuhence x'lz.i^z the number required* 

3. Divide I oool. between A, B, and C, (o that 
A ihall have 72L more than B, and C lool. more 
than A* * - 

Let x'zz B^sfiare ofthigi'venfum, 
then nmll * + 72= A'sfitarc, 
and X'\-i'j2'=zB*sJhare, 

Andthefum of all their fiares x-^X'\rl'^-^x\^7^p 
or 3;c*f244r=iooo by the queftion, 
/i^/i/ // 3;»r=: 1 000— 244=7 5 6, 

or Ar=::IS2=252l.= BUJharty 

3 
«Wjc+72=252 + 72=:324l.=:^V^^r^, 

tf»</;f+ 172=252+ 172=4241. =CV^«rr. 

252I. 
324I. 
424I. 



I oool. theprcof 

5. A prize of loool. is to be divided between two 
perfons, whofe ihares therein are in the proportion 
of 7 to 9 : required the (hare of each* 
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Let xzn firft perfon^ s Jhare f 
then tjoili 1 000 — x -zz fecand per/vn*s Jhare^ 
and X : 1000 — xWj -.(^^ by the quefiion^ 

that is ox zz 1 000 — x X 7 z: 700O— JJf, 
or id**— 7000, 

nvhence *— Z— —-— 437I, los.rz iftjhare, 
10 

. iwr^/iooo— *:r 1000— 437L 105.-5621. los, zdjhare*, 

6. The paving of a fqaare at 2s. a yard» coil as 
much as the incloUng it at 5s. a yard : required the 
iide of the fquare. 

Let X zz Jide of the fquare fought ^ 
then ^-z:, yards of inclofure ^ 
and x'^zz yards ofpa'vement ; 
ivhence 4s3r X 5 = 20* r: prke ofinelojing, 
and x*X2Zi zx^ zz price of paving. 
But 2x*zz2Qx by ibe quefiion, 
therefore x^zzlOXy and xzz lozz length of the fide 
required, 

7.* A labourer engaged to ferve for 40 days upon 
thefe conditions^ that for every day he worked* he 

- Ihould receive 20 d. but for evejy day that he play- 

- ed, or was abfent, he was to forfeit ;8d. now at 
the end of the time he had to re.ceive 1 1. 1 1 s. 8 d. 
the quefiion is, to find how many days he worked, 
and how many he was idle. 

Let X he the number of days be ^worked, 
then *wiil 40—^*' be the number of days he 'was idle, 
alfo xXzo zz 2o;r zz fum earned, 
and 40— ;»; X 8 z= 320— 8;if =r fum fhrfeited, 

whence zox — 320—8^^=3801/. (m /. 11/. 84/.) by 
she queftion, that is zox — 320-f 8;t=:38o 
«r 28x=38o-i-320=7Co> 
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700 

and x'lz.-^'^z^ = numher of days he fworked, 

and 40— * — 40— 2 5 3= 1 5 =: number of days be 
'was idU* 

S. Out of a caik of wine, which had leaked away 
\y 21 gallons were drawn ; and then» being gauged, 
it appeared to be half full : How moch did it hold ? 

Let it he/ufpofij to batfc held x gallons , 



X 



Tb^fTit imsddhteorleetked — — gallons. 



X 



mm 

and confe^uently there had been taken away 21 + — 
gallons* 3 

X X 

\But 2iH s:^**- hy the fuefiion^ 

3 * 

That is ^i^x:^^^ 

z 
or iiS+zxzzix 
hence '^x^^ix =126 
or x^i z6:n numher of gaUoitf required 

9. What fraftioii is that, to the numerator of 
which if I be added, the value will be^; but if 
I be added to the denominator, its value will be J ^ 

Let ^efraSitn 6t reprtfenttd by — , 

y 3 

utnd'"'^, — =:-**> 
>+x 4 

andj^zzy+i. 
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hence ^x — 3;^?— 3 ir^ + 1— ^y ^ 

that is x-^^ ~ I 

or *=4, afuiyzz^x+^ 
=:i2 + j-:i5 

S^ that •^•n fraSiion required. 

10. A market-womaa bought in a -certain num- 
ber of eggs, at 2 a jpenny, and as many at three a 
penny, and fold them all out again at the rate of 
5 for 2 pence, and, by fo doing, loit 4d. what number 
of eggs had fhc ? 

Let-idtz nufiAertftigi tf^achfort. 



X 

2 

X 



Then wlluLizi price oftbejirjfjbrf. 



ond — ~ price of the /etondjort. 
3 

^ut S'^::2X {the 'whole number of eggs) : if • 

. ±x - 5 

'therefore J^ price oflothfori4t^4ther, at five for id. 

A r X X Ax ' 

And — ^ — . w.l«— 4 bjf the fuefiion 5 

3 5 

tfr3^+2;r— .ilf— 24* 

5 
tfy» 1 5^-f 1 0;f — 24;m 1 20 
Whence ;v~ 1 zoiz number of eggs of each fort YTquired. 

,11. If A can do a piece of work alone in ten days, 
and B in thirteen ; fet them both about it tccedirr, 
in what time will it be liniihed ? 

H 
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• Lit the time fought Unnoted iy x, 

* X 

Then I o days : i ^work : : x days : — , 

lo 

eind 1 3 days : I tjoorkwxdays : — > 

^&^»r^ — == part done hy A in x day si 
10 

and — part done by B in x days* 

Confequently — jl — m i ; 
lo 13 

y;&fl^/jiif+;e=:i3,«r i3;p+io;if=:i3o; 

lO 

Andtherefdte 23A'r:i30, rr ;ir=ii2r: j; -i ^i'^^i, /^/ 
^ime required* 23 . 23 

12.. If one agent A, alone, can produce an effeft 
ty in- the time «, and another agent B, alone, in 
the time h ; in what time will they both together . 
produce the fame efted ? 

Let the time fought be denoted by x* 

Then a:e::xi ^zz part of the effea produced by A, 

und b : eWx : ffLztpaYt of the effea produced by B, 

b 

ex ex 



twhenie,^-^^ — j-^eby the queftioHi 
a b 



i 



X , X 

a D 

thatisx+fl-ai 




or bx4-ax.zzba; 
md confequently ^=tx"- ^»ff^^ ^^^^^^'^* 



I 
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QUESTIONS FOR PRACTICE. 

1 . What' two numbers are thofe whofe difference 
is 7, andfum 33. jin/, i^andio^ 

2. To divide the number 75 into two fuch parts,. 
that three times the greater may exceed feven times 
the IcfTer *by 15. Jnf, C4 and 2 1 . 

3. In a mixture of wine and cyder, ^ o^^the whole 
plus 25 gallons was wine, and f part minus 5 gallons 
was cyder : how many gallons were there of edch i 

Anf. 85 ofitiiney and'^^ of cyder .^ 

4. A bill of 120I. was paid in guineas and moi- 
doresy and the number of pieces of both forts that 
were ufed was jull lob; how many were there of 
each ? Anf. ^o of each, 

5. Two travellers fet out at the fame time from. 
London and York, whofe diftance is 150 miles;. 
one of them goes 8 miles a day, and the other 7 ; 
Jh what time will they meetf- * "' Anf in 10 davs\ 

6. At a certain elediion 375 perfons voted, iin3 
the candidate 'ch^fea had a majority of 91 ; how 
many voted for each ? 

Anf 2^tfor onet and 1^1 for the other, 

7. There is a fim whofe tail we/gh's pfc. hi* 
head weiehs much as his tail and half his body» 
and his body^ wetgh^ as much as his head and hi^ 
tail ; what is the whok .Weight of the fiih ? 

8. "What nuniber is that from which if 5 be 
fubtraded, j of the remainder will be-4a. ^AnfJ^tl 

9/ A poft is \ in the mud, \ in the wa;,e^^nd 
10 feet above the water; what is its whole Icif^th ? 

Anf z\fftU 

Hz •' . • 
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10. After paying away J and f of my money, I 
found 66 guineas left in my bag ; what was in it 
at firil ? Jn/. 1 20 guifteas. 

11. A*s age is double of B*s, and B's is. triple 
of C'9« and the fum 0^0!! their ages is, 140 ; what 
is the age of each ? 

12. Two perfons, A and B, lay out equal fums 
of mpneyin trade; A gains 126I. and B lofes 87 1. 
9nd A's money is now double of B's; what did 
each, layout? Jjj/. 100 1* 

' 13. A perfon bbught a chaife, horfe and har- 
nef$, for 60 1. the horfe came to twice the price of 
the harnefi, and the chaife to twice the price, of 
the horfe and the harne^ ; what did he give for 
each? An/. 13/. 6/. %d> forthe horfe y 6/. 13 J. 
4 d» for the harnefs, and 40 /. for the chaife. 
14. Two Derfons, A and B, have both the fame' 
income ; A laves f of hi$ yearly, but B, by fpend- 
ingjoL per annum more than A, at the end of 
4 years £nds himfelf 100 !• in debt; what is their 
i»come? ^ . ^nf i^'jA' 

\^ 15. A gentleman has two horfes, and a fad ale 
worth 50 1. now if the faddle be* put on the back ojf 
the firft horfe, it will .make his value double that 
of the fecond \ but if it be put on the back of |he 
fecond, it will make?' his value triple that of thQ 
irftj whfti» the ..value of each hbrfc* ?. . . 

. ' ^ Jnf. Qn$ ^fih an^.th'e'qihef ^oK 
16 1. To, divide the number 36 into three fucK 
parts, that f of the firll, ^ of the fec.Qp4> apyi ^of 
the third, may be all equal to each other I 

Anf The parts are i t IZi and xG. 

17.- A footman agreed .to fervc bis mailer fot 

8 1. SLvenx and a livery, but was turned away at the 

end or 7 months, and received only 2I. 13 s. 4d. 

and his livery; what wa$ k$ value? Anf 4/. 16 s. 
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' rS. A gtffftleitiaif waks defirdds df '^i»bg 3d.' 
a-piece to £iiile pdor"bisg;^s> bat Iband that he 
had not money eAo^l^'^^^lMs pdcket by dd. he 
therefore gave > them each 2 d. and had then 3 d. 
rexnsiinihg ; re^nk- ed the number of beggars ? 

jifi/. II. 

19b A^ hare is 50 leapt before a greyrhound^. 
and takes 4 leaps to the.greyh9an4';s three; bat z 
o( the greyhound's ^^^' ^^ ^^ much a» three of 
the hare's; how maxiy leaps muft the greyhound 
take to catch the hare ?. Jn/. 300.. 

20. A perfon in play> kd | of his money, and 
then won 3 (hillings ; after wBich^ he loft f of 
what he then had, and then won 2 (hillings ; laftly 
he loll I of what he then had, and this done, found; 
hehad D9t.i2 s* zeinaining :, wharhad he at firfh 

21 • To divide the number 90 into 4 fuch parts» . 
that if the firft be increafed by z, t}^ isond dimi*- 
iiiflied iby z, the' third inult^Hed byii^ and the 
fourth divided by z-; the fum, difference, produ£b^ . 
snd qoDtienty (hail beall e<|ual to each othen 

I/fl/I The farts an 1 8, 22 , i o> and 40 re/he^i*vel/<i . 
:22. The hour and jniaute hand of a dock are ex^- 
a^ly together at 12 o'clock, when are they ntxt 
togetheri -Jin/^ihon^^^min^. 

. \±.y^ There ia aii Mand- 7 3- miles in circumference, . 
.and three, fixxtinea all flart togtrthevrto travel the 
fame way about it : A goes 5 miles a. day,' B 8, and 
Q 10; when will they all .come together again ? 

An/. 73 dayi* 
24. If A can do a pie^re of work alone in i o days, , 
and A and B together in j 4ays ; in .what time can . 
B.do it alone? .Jn/,zi\days* 

* ^ t ' "J* .... 

. .Hj[3. .. t .• . . .;; 
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2^. If thrive agentt, A> B#ait4 C;iimnpiftdua^ the 
rfefts a;i, d in th^ tw» -^i /, ^,t ue^c&ivelyij^iR 
srtiat time woftld tlu^ j wtdty firf>8a t?t thg ej feft i/?' 

^*/ "44 ' r ' '^^ 

26. -H" A and B together can perform a piece of 
vork in 8 days ;* A ^nd C t.oJ;ctner Ht ^ days ;' ,ftnd 
,1B and C in 10 days : How many days wifl it Ww 
ea<3i perfbn to perform th^ fame wonc alone ? * * 



QUADRATIC EQUATIONS. 



.( 



>' o ' 



1 ..fr 



' AJhnpU qwiratic equation is. that iw^iich^invxAreo 
t&e fquare of the unknown quantity on[ly. 

An adfeBtd quadratic 9fuati9H\% that which iapdlves 
.the fqaare of the unknown qnanti^^ together with 
^he prodttd that arifes fionn mvkiplyxng it i)y fome 
dknown qjiaiitit|r. . ...'.' f : 

. • ThMs oj^zs-h^ ii afimple quadratic equation^ •' - * 
. j/Snd MX^ 4'^<M= ^y *^ ^^, adfi^Sti quadratic JaguatiM. 

The rale for il^fimple ^licadratic equadon has hten 
igiyen already. i 

AH adfedted quadc^ic equations fall under the 
.Ihtee &>lIowing forms. 

1. x*+ax:=:6 

2. x^'^axzsif . • * * * ' 

' . .3. *♦*— «*■=— ^. ■ - 

The rule for finding the value of oc^ in each of 
thefe equations, is as Sallows ; 
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i; Ti^nfpoie all tke terms that involve tke un- 
known <juanti«y to-on^ fide of the equation^ andth^ 
known ^erms^ to the other fide^ and let th^n b^ 
ranged according ^ their ^mefi£ioti6. . • ' .* 

:^. When the fquare of t^e ufUuiQwn quantity has 
any- cp-eilHcient prcfxed to it, Jet sjl tlje rpft p.f tfcf 
Wrins be divided by that co-^ffici^iVt, 

3. Add the fquare of half the co-efEcient of the 
fecond term to both fide s o f the equation, and th^ 
fide which involves the unknown quantity will then 
be a complete fquare. 

4.' £xtct^ the fquare root from both fides of the 
equation/ and the v^ae pf the unknown quantity 
wili Ik iiett^aainwAy at ^e^^airod, :• . 



■ Jill ti .Ji iii 't j. i^wwfT^i^WTy— ■ i iw m i wwww^yg n u j —^p^MW ^»i» 

* The fifi^jUT rop^ .of ^ny fmajadty may be t^thnsr 4* w -«^ 
and therefore all quadratic equations admit of two folutions. 
T||us the fquare rttfit of +«» is +« or — irj for -j-flX+n 
or — «K — » are i»ch equ al to -f «i. go, in- the firft fonrf^ 

whpreA:+-li5XQW^z;V^+' — *^« »l>ot may. ^e eith^c 

4. y^^4,...or ->^^+-T-> fince either of them jb^'ng. 
4 4 " 

miritipHed by ittfH wHl produce ^^4-*— • And this am- 

4 
^ttity is fkfnGSiA by writing «be ' UDcenaSa-lf]^ ds' 'M^tt 

V^^---:? thus *=:±/^4-— r- — • 
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Note, I . The fqaare root of one fide of the equa- 
tion is always equal to. the unknown quantity, with 
half the co-efficient Of the fecond term fubjoined 
to it. 

2. All equations wherein there are two terms in- 
volving the unknown quantity^ and the index of the 
one is juil double that of the other^ are folved like 
quadratics, by. coiQpletjing the fquare. , ^ 

n 

^hus, s^-^-ax^-^ihy or x-^-f-tfjf^zr^, are the fam^ 
ets quadratics, and the 'value of the unknoi/jn quantity 
maj be determined accordingly , 



a^ « 



In- the firft fo0D> where xzz. zt, V ^+— — ^ — — — ^ the ^fiirft^ 

. 4 a ' f . 

yaltieof x> vi». *rz + v^^+^i — •*- -*- , !«.'.iaiway& affirmative} 

lor fince -^ 4- ^i« greater than Jl^, the greateft iqnaie mwil 
4 4 



tf* a 



neceflarfly haw the grcateft fquare root} V*+ 

4 ™ 

will, thecefore, alvirs^ be greater than V «-> or its equals- ^ 

■ - -• -• • 4- ' ' . *' 

and cpnfequently -f \/ ^4--:— will always be affirmative. 



The fecood value, viz. xzz-^ ^B+ -— -l — f. will always be 
^ 4 2 

negativei beoaufe it is compored of two negative terms. There- 
ftye^h9n;r^4-f;r=:^y we flialIhiwex:t:+VA+— - 



7. 



for the affirmative valu^. of ;c, and x~ — Vi-f-^^— — — 
for the njBgatlve value of jc. 4. a- 
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E X A M p It e s : 

1. Given AT* +4^1?=:: 1 4Q to find ;r. ' 

the foHars ; 

then »/x^ 4-4Af+4=iV'i44iy MtraSiing the root ; 

and therefore xzz, 1 2 — 2r: i o. 

2. Given je*T-6jf+8^3a, to find ;^ . . 
Firjt, ;»r*-»*6^5;:8o— S:?:;! ij? tranjptkfition ; 

7X^a **— 6Ar4-9=:7J« +9i2r8i 4;^ completing the/quare y 
And ;r--3 :^ ^8 1 =9 by extrafifng thi root ; 
Therefore x'zi^ 43 = 12. 



In the fecond form, where xzz:t.^i>-\ h — the 

firft value, viz. :i»s+ ViH--^! — f is always affirma- 

tive, fince**it is cbmpofe4. of twoaffirriiatlve terms. The 

Tecbnd value, viz. ;cr=— V^ +—«•+--— w^H always be 

4 ** . 

a* a* 
negative j for fmce i 4- _ is greater than y the fquare root 

4 4 

^ f d^ \ d^ 

of ^-4- — A f/ i-^ 1 will be grfiatfr.tban ^ — , or its 

- , V 4 V 4 ^ 4 

^^wal — r} jind confeqvently — -v/^4— H — 7— is always 

A negsHive quantity. Therefore \yh/en ;«* — tf^zzi, wefliall 

havexzr 4- \/ A+- — ^4- for the affirmative value of x, and 

4 a 



^=: — v'^+— 4--^ — for the negative value of *. 
4 » 



[' 
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3. Given 2AP*+8;r— 20=70, to find x. 
Firfi, 2x* + Sxzzyo + 20::zgo htraft/pojttion, 
Then ;v*+ipf=:45 By di'viding by 2, 

And ;c*+4x+4=249 hy completing the/quare ; 
Whence ;if + 2= \/49=7 h extrailing the root. 
And confequently xzz'j -^2 zz 5 • 

4. Given 3;r*—3Af+ 6=51, to find ;if. 
Here, ;r*— ;v+2r= i| by diHndtng by 3, 
And x*'^x'=il\'^l by tranfpofition\ 

Alfo ;r*— ;r+ 1=1^-2 + 1 =7', i^ completing thefqu. 
Andx'^\:=L'^^^':=ii by evolution ; 
Therefore xzzi^\:ii^y 



In the third form, where xzzi/ — — b H , both the 

A * , » 

values of x will be pofitiye, fuppofing ^ , is greater than b* 

• 4 ... 

For the firft vahie^ viz. *= + V-^ * +--- »» evidcntiy 

affirmatire, Mn% comp ofed of tw o affirmative tenns.^^ The 
fecondvalae, vix. x^y'— — ^H »> *lfo affirmative j 

Ibrfince — is greater than — — *> therefore s/ — or — 
4 \^ 4 . . -4 » 

IS greater than ^— -— *> and confequently — V *+ — 

4 X „ * * 

will always be an affirmative quantity* There fore, wlkcn 

tf* ' ' e - 

jr» — 4*= — ^, we (hall have *= + v^ ' * -! "'J' 

4 * 

v^C/^s: — r 

the affirmative value of *, and — v^— — — *A 4^—. for the 

negative value of jt. : A . * * 
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5. Given -— — . f-2o|=:42|, to find x. 

Here^ -f.=:42|— 2o|=22i hytranfpofition, 

2J^ 

^«i/ ;ip*-^— =144:1^ bj dividing hy\i 
Whence x^ |-J=:44j+ Jtr44| by completing the 

6. Given ««*+^x=rr, ta find at. 

Z*/^, ;i;»4-— .;r3:— ^V diliifiM\ 

u -a 

nen **H X'\ j=i^ — -1 :£ iy completing the 

.Jquarei a ^ a ^ 

But in this third form. If ^ be greater than JL the fplution 

4 
of the propofed qvellton v9ili be impoffibk. For fmce the fquare 

of any quantity (whether that quantity be affirmative or nega-* 
tive) is always affirmative, the fquare root of. a negative quan- 
tity is impoffible, and cannot be affigned. But if ^ be greater 

than — , then— ^— ^ is a ne^gativig quantity ; and confequently 

4 4 

\^l $ is impoflibie. or only imaginary, when —— it 

4« 4 

lefs than b ; and therefore hi that cafe xn: — ± v h\% 

% 4 

alfb impoflibie or imaginary. 
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And *•+ — = a/ ~ + — r = v ^ \. h evolution \ 

Therefore xzi ± \/ ^ T — -^* « 

7. Given ^^—^^f^rsi/, to fin J ir." 
Here, ax^'^hxzzd-^c by tran/pojition. 

And >* *• =: -^ h di<vjti^n. 



a a 



Alfo ;t*-Ax+i-.= + -I5 ^y completing the 

fquarei « 4« JLJfL 

h . .'^ZT F:^ , . 

And X* =:± V \- — -. ^K evolution ; 

Therefore Ar= — ± V + — t« 

*' 2« tf 4«* 

8. Given x^'\-2ax'^l=.b, to find ;e. 
ftr^, x^-{'Zax'*-'{-a^zzh-\-a^ hy ccmj>lefing the fquare^ 
And x^+azz V b-\-c^ by evolution j 
JVhence x^=VTfa*^a, 

a^/r</ confefucntfy xzn'*/ : V^-f-w-^-^. 

^. Given «Ar''-"^;if**^f=:**-^, to find ;?. 

« 
jF/r^, cix^-^bx^zzc^^d by tranj^hjttion^ 

And x^'-^ x'^zZ' by divijiolt, 

a , a 

-^/^2> x'' x»-| j=:illl--f j^ tompleting th 

fyuare, ' « 4^ a 4^ * 

And x^*^ — =:V^ 1 r ^ evdolution i 



*.> V *. 
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■> 



^na cojf/equentJjTxzn — ±:v \ 



za a 



44' 



n 



EXAMPLES FOR PJlA^CT^CE. 

I . ^lv«i^^-^8x+ 10= 19 to find jr. ^Jt^f.^-^t^^ 
z. GivenV—Pf— 40^i7otofind;r. An/,xzzi^* 

3. Given 3jp>+z;r-*.9i=76 to fihd;p. -rf/^A-^s. 

4. Given — «._4.7_~:4o toiind at. . 

* 3 S A/. ^=5.4093, £tf^ 

5. Given x^+xTza to find ;c. 

4 2 

6. Given **+«;f-*.^=:f to find y. 

7. Givenflf*-.iMf=:-».^ tofind.^. 

8. Given ^*^fl+ JL:^!. to find ;r. 

6 d f h 

Anf, x^±V^^fIZtL^.hL^ 
AfaW ah af^zad 

9. Qiven 2;ir*—y*+ 104=600 to find x. 

Anf. x'TL^. 

10. Given 3V— 2*»-.X_=iL to find x. 

9 9 
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qy ESTIO-NS PRODirCING QJJ AD R A T X C 

s qjj A T I O N s. 

1. To find two numbers whofe diiFerence is 8, 
and prod ud 240. 

£f/ ^zzto tht haft nrnnher^ 
then nuill jf + 8 =/« the greater , 

and xy,x-^'6-=zx^-\-%x'zm^o hy the fuejfion ; 
Whence **+ 8jf -f 1 6 r: 240 +16=256 iy completing 
the /qUare, 

alfo ;c + 4=i V256zri6 hy e*uo!ution ; 
And therefore ;c ir 1 6— 41= 1 2 ~ lejfer number ^ and 12 
'\-Zzziozz greater. 

2. To dividft the number 60 into two fuch parts 
jthat their prod u 61 may be 864. 

ZiCt xzz greater part, 
then iviU 60 — x:zi lej/er, 

and X X 60— jp:=6ojr — ;if*z: 864 hy the queJiiqUf 
that is AT* — 60*= — 864 ; 
Whence x* — 6ox + 900 = — 864 -f 900 =36^ complete 
ing ihe/quare ; 

Jl/o x — 30 =1^/36 =6 by extra&ing the rooti 
and therefor: ;p m 6 + 30:= 3 6c: greater part, 
jind So^xzzSo — 36=1:24= /(^r. 

3. Given the fum of two numbers =10 («), and 
the fum of their fquares =58 (^); to £nd thpfe 
numbers. 

Let x:=. greater of the tnxw numbers ^ 
then iviif a^x:=ilejer ; 

^»i/;r*+T-^*j*r:2;ir*+«*--a/i*=i hy the quefiion. 
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2 2 

or x^^axzz. f. — f- i^y tran/pofitton, 

' . 2- 2 2 

424 4 . 

ing the fquare* 

Alfo X — — z:::*/ ' - hy extra&ing the root \ 
2 4 

w/«</ therefore xzz. i v^ j '^greaternumter, 

■ 4 ^ 

And a — — dt V n in v/ 1- — -xi leffer, 

2^.4.^ -4 ,2 

Hence thefe tujQ theorem^ being put into numbers gi'Ut 

7 and '^f for the numbers required,' 

4. Sold a piece of cloth for 24I. and gmned as 
much Pier cent^z& th£ cloth Qoflmev what was the 
price of the cloth ? 

Let x"^ pounds the cloth coft^ '' 

^hen 24 — x'zi ^hole gain^ 

But 100 : x\\x \ 24-~ .y ^ /^^ quefiion. 

Or x^zz 100 X 24 — xr32400— ioo;if, 
^hat /j ^* -f I oojf r= 2 400 , 
Whente jf*+ioo;r+250o — 2400+2 5P0 —4900 by 
completing the fquare. 

And ;if 4- 5 o z= A/4900 =170 ^ extraSiion of roots ^ 
Confequently xzzyo — ^xmizozz price of the cloth, 

5, A perfbn bought a number of oxen for Sol. 
and if he had • bought 4 more for the fame money, 
he would hav^ paid 1 1. Icfs for each ; how ^many 
did he buy ? 

I 2 



r 

r 

I 
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Suppofi he hmght x oxen. 
Then — , := price ofeach^ 

X 

Jfnd — X-= price of each ifx+^haei cofi 8oK 

gut — zi-— —41 iytiiotMitnt 
X Pf+4 J if- •. 



• \ 



0>-go=— --+Ar, 

•*+4 
Or 8ar+32o=rSo;r+;r*+4jif, 
7^^/ /> jf*+4Ariz32o, 
JThence x*+J^x+J^1=zS20+^^3ZJ^. iy csmpletin^ tit 
fqudrtt 

4nd *• + 2 = V^ 324=: 1 8 4;^ evolution ^ 
t!drtfefuentfyx:=i 1 8 -«-2m6 = numhr ofoMn re^uzreit. 

k: Whit two fttfmbers are tlkofe, wbdfe fto, 
^oduS, anddilFcreiice of their f^nares ire all cqnal 
tpe^ch other? 

i^/ ^=s greener number^ 
Andy:=z lefer, 

4«/ 1 =: ^•^ ,=:^^^, or xzzy + 1 /rm the 2/. ^^«tf^ 

Jl/o y^ +y:=yT^ Ay from ihefirft equati<^n^ 
Or25r+i=^*+j^, 

Thatis y'^'^y—l. 

Whence y^'^y ^\z=.\\hy completing the/fuare. 
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Confequently j=^+— = ^ \ and xzzj-i-l- 

2. 

7. There are four numbers in arithmetical pro- 
greffion, whereof the prodttA of the two extremes 
is 45, and that of the means 77;; what are the ^ 
numbers ?. 

Let *rr leffer extremej 
andy^z common ^differences 
I'heti xi x-^y, x-^-zy, x-\- %y -will be the four numherr^ 

Kx x^-h ay=^ + Zxy =45 ? h 'f f 

Whence 2y*=:77^45=3t, and j^*=15=ri6 hyfyB:^ 
traBion and divijiony . * 

Ory::z»/i 6zz\ hy e*uolution. 
Therefore x^ + 3^0'=^* + 1 2^=45 h ^^^ ^ft* efuation, . 
Jkfo ;t* + l2A:+36=45.+ 36=:8i hy completing tht 

fqudire^ . . 

Jnd X'\-6::z^ Si zzg ly the extroBion of rooti^ 
Confequently x-:zg-^6zz^f and the numbers are '^, J,, 
m and \^* 

8* To find three numbers in geometrical pro- 
greffion, whofe fum fhall be 14^ and the fum of/ 
their fquares 84. 

Let, Xy y, and z he the nftmhers fought; 
Then xairry* hy the nature of proportion ^ 

But x-t-zzzi^-^y hy the zd, equation,^ 

It 
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Jides^ 
Or ;r*+JK*+2j*=:i96— 28>^+j^* by putting 2y^ for- 
its equal zxssr. 

That is A:*+a*4.j^*=:l96— 28j> hy /uhtra3ion, 
or 196 — 28^—84 hy equality^ 

Hence y i^' ■ ^ ■ 1=4 ^ .tranfpojttion and di^ijion* 
Again, xxz=:y'^::zl6f or xm — by the \ft 4fU4ition^. 

Add ;if ^-j' -f* «= — + 4 + «= H ^J' fhe ul equation, . 

Or 1 6 •+• 4x +'«* = i.4«, «r X* —1 o« = — 1 6, 
Whence %^ — iox+25=:25 — 16^9 by completing the- 

fquarCf 

j^Wa;— 5 = ^/9=13, i?r«=3 + 5 = 8, 
€4in/equently x=i4--y — ^85=14— 4— 8=12, and^ the 

numbers are 2,. 4, . 8. 

9*. The-faifn (j) anxl thcprodu^ (/) of any twa- 
numbers being given ; ,to find the Aim of the fquaifes^, 
cubes, biquadrates, '&g. of thofe niunbers. 

Let the fwo- numbers be denoted by x andy,' 

Then lAjiU < * •^T^ ?• by the queftion.. 

But X 4-^]* =;v* + ^y -f >*== J* by in*volution^* 
and x^ + 2xy +j^* — 2xy iz j* — 2p by fubtroQion^^ . . 
that, is jf*+^*r:J* — 2pi=.fum ofthe/quares. 

Again., ;r*4-j»''X^4j^J*--2/X/ by multiplication^ 
or x} -^ xy X.x'^y^y'^:=zs^"^i,sp^ 
#r x^*+i^4^j^^r:j^— 2.i^ by fuhftituting ipfor its equalJ 

xyxxTy', 

euid therefore xl-i-y^zzt^ — 3^/?= Af» of the cubes^^ . 
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plication^ 

zr »^^ xy X x^ -f >* 4j<^=: x^*-* 3 j^/^ 
mr x^-k-p X s^-^zp -f y =: j^ -^ 3/*/ ^j? fubftituting pX" 

s^-'Zpfor its equal xy X3if*+j^*; 
-^/r^/ con/equently , a:*^+j?^=:j*— 3J*/— / x/— 2/=j*— 

4J*^ + 2^* ^= y«^ of the hiquadrateSi or fourth pQ*w» 

ers ; and fa on for any power 'whate'uer* 

lOi The fum {a) and the fum of the fqnaiiK (^ 
of four numbers, in geometrical progi^ffien^ being; 
given; ta find thoie numbere. 

Let X andy denote the t^o means, 

then wll -1 and^ he the tavo extremes, hy the nature' 

xy X 

ef proportion. 
Alfpt let the fum ofthet^o meanr^:z5i and tkeir pfo^ 

duQ •=.p\ 
And then <will the fum of the tfwo extremes zza-^s hy 
the que/Hon i and their prodk& zzp, hy> the nature of 
proportions, 

r*^+j?*i=:j* — ip 1; 

ty^ AT* J - 

And x^^y^+^+'L:=s''+^Z:i\ ^^p-h- By, the 

y X.: 

-queftion^ 

Again f }^dL-z:a^shy the queJHon^ 

y. X ■ 

or x^. ^-j'^ "^xy X a-^izzp X a-^s» 
Mt *'-f jr^rz/^^.^^ ly f^g lajl problem^ 

'arndthereforepy^a — s'Tzs'^^^yp hy equaUt^r- 
orp^^ps+iP(zzpa+2ps:=;s\ 
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/3 



^' ' fuBjIkutton, 

• h * ^' 

OT^ i*+— s-zz hy redu3i(yH% 

a z 

^Hl V- h 

And /=• ■ - -{ -— — hy comp, the /quare, and 

2 4a^ la 

extraSing the root, 

4nd\fram this 'value o/s^ all the reft of the quant itia 

/, X, andy may be readily determined. 
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1. What two numbers are thofe whofe Aim is zo, , 
and their produft 36 ? Anf, 2 and 18. 

z. To divide- the ^number 60 into^twcfuch parts, . 
that their produft may be to the Aim of their fquares 
in the ratio of 2 to 5. Anf, 20 and 40. . 

jr. The difference of two numbers is 3, and the 
difference of their cubes is 117: what are thofe 
numbers? Anf, 2 and §. 

4. . A company at a tavern had 8 1. 1 5 s^ to pay for 
their reckoning ; but> before the bill was fettled,, 
two of them fneaked off, and then thofe who remain- 
ed had 10 s. a-piece more to pay than before : hew 
many were there in company? An/. 7. 

6. A grazier bought as many fheep ascoft^m. 
60 1, and, after referving 15 out of the number, he- 
fold the remainder for {4 1. and gained 2 s. a-head 
by them ; how many flieep did he buy ? An/. 75, 

7. There are two numbers^whofe difference is 15,. 
and Jh^lf their produft is equal to the cube of the- 
leffer number; what are thofe. numbers? 

An/, 3 and iS^. 
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8. A perfon bought cloth for 33 1. 15 s. which he 
fold again at 2I. 8 s. per piece, and gained by" the 
iKargain as moch one piece co^ Kim $ required th» 
number of pieces ? Anf. 15. 

9. What number is that, which when divided 
b/ the prodttft of its two digits, the quotient is 3 ; 
ah<ji if 18 be added to it, the digits will be inveriilsd ? 

10. What* tV(ro nvmbers are thole^ v^fe Asm 
muitipUtdbythe greater is equal to 77; aod'Whbfe 
diference maltipiied by tbe Idler is.eqitalto nl^ : 

' Anfi, 4. aM 7* 

11. Wfien will the hour, minute, and iecond 
hands of a clock be all together next after 1 2 o'clock ? 

Anf. Only at i« dfdkck. 

1 2. The Ikm of two numbers is 8, and the f«m 
of thel^cube^ is 1^52 $ what are the numbers? 

A»f* 3 mui 5* 

13. The fdih ^ two numbers is 7, and the fum 
of their 4^ ^wer» iis 641 ; what are the numbers? 

An/* 2 AW5. 

14. Th«-iitm of two numbers is 6, and the fum 
of their 5th powers is 1056; what are the^num-^ 
Tms} Anf. 2 mnd 4. 

i^. The ^am of four numbers in arithmetical 
progreffion is 56, and the fum of their fquares is 
964; what are the numbers? 

Anf. 8, 12, 1 6, and 20# 

16. To find four numbers in geometrical pro- 
grejfiion whofe fum is 15, and the fum of their 
fquares 85 ? An/. i> 2, 4, and 8. 

— — , to find 



17. Given at* ^ +rt»— ^--. 



tbf value of jr. 



An/. ;v:r|«*+v^if! 

• 4 
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* • 

Of the NATURE an4 formation o^ 
EQUATIONS in general. 

All equations of faperior orders are generated by 
the multiplication of equations of inferior orders^ 
iavolving the fame unknown quantity. 

Thus> a (ptadratic equation is formed by the sduU 
tiplkation of twa Ample equations . 
. * A cubic iquation is produced by the continued 
inultiplication of three fimple' equations; Or fsonL 
one quadratic and one fimple equation. 

A ^quadratic equation is generated, by the conti- 
nued multipliration of four iimpie equations, or of 
two quadratic equations ; or of Qn^ cubif. a^d on* 
£mple equation, &c. 

For, iiippofe the unknown quajitit|r to be Xy and 
it values in any iimpie equation tq be:^, h^ e^^d, && 

Then thofe iimpie equations, by bringing all 
the terms to one fide, will become x-^azzc, xr^h 
■zzo, x-^c^^Oy x-^dz^Oy &C. 

And the produft of any two of thefe, as jr— « 

y.X'—hrzoy will give a quadratic equation, or one o£ 
two dimenfions.- 



The produft of any three of them, as x-^a x^Jewi 

X*— ^=rc. Will give a cuhic equation,, or one of three 
.dimenAons. 



The product of any four of them, as X'^aXx — i 

XX'^cXx-^d:z:o, will give a biquadratic equation, 
cr one of four dimenfions, &c. 

From hence it. appears, tjhat every equation has 
as many roots as it has fimple equations that prc^ 
duce it, or as there are units in the higheft dimca* 
iJQn.of the unknown-quantity.. 
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^or if any of the values of x {a,h,c, or d,) l)e 
fubftituted in the place 'of ar in this biquadratic 

Equation x-^ay^'x-^b Xa — r Xa-— rf', then will all 
the terms *bf that equation va«ilh, and the whole 
will be found equal to nothing. But as there are 
no other quantities, befides thefe four, that fubfti- 
tuted in the place oix will made the produd yaniih; 
therefore the equation cannot poflibly have xxiore 
than four roots, or admit of more than foaV folu- 
tions. 

And after the fame manner it app^ars^ that .no 
equation can have mor^ roots than it contains di- 
menfions of the unknown quantity. 

To make this ftill plainer, by an example la 

-..numbers; fuppofe the equation to be refolv§d be 

x^ — io;c' + 35^* — 50Ar-|-24rzo, and that. you. dif- 

cover that this equation is the /ame with the gro- 

du6l of ;t— I XJif— 2X;e— 3 Xx— 4. 

Then you will certainly infer that the: four, values 
of AT are i, 2, 3, and 4; for -any 6f thefe numbjjrs 
being put for x will make that produft, and confe- 
quently ;c*— io;p^-f35Ar*— 5o;«r+24, equal to no- 
thing, according to the propofed equation. 

And it is certain that there can be no other values 
of Jf beiides thefe four; fince if any other number 
be fubftituted for x inlhofe b£!bars, there will none 
of them vanifti, and therefore their produft cannot 
be equal to nothing, according to the equation. 

Tne roots of equations are either pofitive or nega- 
ti'vej according as the roots of the iimple equations 
from whence they are produced are pofitive or ne- 
gative. ' 

Thus, if you {lippofe xzz — /?, x'rzlf, x^^^c, and 
x^i:d,then'wi\lx -{-azzo, x — Bzzzo, x-^cizo, zndx — d 

^0, and the equation x+aXx^J^Xx+cXX'^dzzo 
will have its roots. — a, +i, — c, +V. 
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The ^gns, iiXid co-^cietits o£ equations will be beH 
uhderflood.by conlidering the following table ; where 
the iimple equations x-^a, x-^i, &C. are multiplied 
continually together, «nd produce, fucceffively^ the^ 
higher equations. 



;r*. 



l^^la}^^'''?'^'^''''^'^' 



rf^MB 



X3if— rrro 



r^^al -{-ail 
— ^ >x^-i-ac >X'-^a^zzo, a cubic. 



XX'^ii:=iif 



-^J +^ I —bed] 



x-i-aicJzzo, a^biqua" 

dratic* 



&c. 

From the infpe^Uon of thefe equ^^tions it is plain, 
that the co-efficient, of the iirft term \^ unity. 

The co-efficient of tlie fecond term i&thefymof 
all the roots {a, 6, c, d,) nvith contrary Jigns. 

The CO- efficient of the third ^erm is equal to the 
Sum of the re&<ingUs ofthofe roots, or of all the procfu^ 
that can pcjjihly arife by combining them^ t'wo and tnvo. 

The co-efficient of the fourth term is equal to the 
m of til the prQduSls that can pojjibly arife l(y combin- 



f 
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img. th^, ^rte Atrd three i atidibon for aAy othdr 
to-efficient whatever* 

The laft term is alivays equal to ihe preiduS ef aH 
the reoh 'with cor^taty figns ; arid this reaibning will 
hold, whether the roots be pofitive or negative. 

It likewife appears, from mfpedion, that the figils 
of all the terms of any equation in the table ard 
altcriiately -f and *-. 

The firfk term is always foJttte pure p6wer of iV, aiid 
IS pofitive. 

The fecond term is fome power of x, multiplied 
by the ouantities a*^, -»^h, -^r, &c. and fiace thefe 
q42antities are all negative, it follows that the term 
itfelf muft be negative alfo» 

The third term has the produ(3: of any two of 
thefe quantities (--«, -^^, — ^,) for its co-efficient, 
and is therefore pofitive ; fince .ij. x -^, as well as 
*f X +, give^ -f , or an affirmative quantity. 

For the fame reafon, the next co-efficient, which 
is formed of the produfts of any three of thefe nega- 
tive quantities, muft be negative ; and the next fol - 
lowing co-efficient, being made up of the produfts 
of any four of the faid negative quantities^ muft be 
pofitive, and fo on. 

And from this reafoning it plainly appears that 
tvhex all the rotfflf arep9fiti<ve, the figns are plus and 
nanus alternately. 

But if the roots are all negative .(^r=— ^jr, ^^r:^^, 

arr:;— f, arn^//) then Ar-|-<iX;r+^X;e-ff X;r+//rr<7, 
will exprefs the equation to be produced ; and all 
the terms will, plainly, be pofitive. 

So that, njohen all the roots of an equation are nega- 
ti'oe^ it is plain that there can he no changes in the figns 
efthe terms of that equation. 

And, in gpneral, there will be as many pofitive 
roots in any equation^ as there are changes in the 

K 
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iigns of the terms of that equation, from + to — , 
or from — to + ; and all the reft of the roots will 
he negative. 

From this rule it follows that, in quadratic equa- 
tions, the two roots may be either both poiitive, or 
both negative, or one negative and one affirmative. 

Thus, in the equation, x^ , -i-aifzzo, {x — aX 

x^B) there are two changes of the figns, and there- 
fore the roots are both pofitive. 

In th€ equation ^*Ti -{■ abmo, {X'^aX.x-{-h) 

there is -no change of the Iigns, and confequently 
they are both negative. 

And, in this equation, **j^# -{-abizoy (;t — aX 

Af+^) one of the roots will be affirmative and one 
negative ; for fmce the firft term is pofxtive and the 
laft negative, there can be but one change in the 
iigns, whether the fecond term be -J- or — . 

In cubic equations, the roots may be all pofitive, 
or all negative ; or two of them may be negative and 
one pofitive, or one nega tive a nd two pofitive. 

Thus, in the equation x — aXx — bxx — czzoy the 
iigns will be alternately -f and — ; and, as the num- 
ber of changes is thre e, the roots muft be all pofitive. 

In the equation x-{'aXx-\-hy.x-\'C'=.o, where 
there are no changes of the figns, the roots muft be 
all negative. 

In the equation x"^ — a^b-\-cx'^ •Vab—ac—hcx-k' 

ahc'^.Oy [x—aXx—bxx'^c) the number of changes 
will be two, and confequently two of the roots will 
be affirmative and one negative. 

For 'i£ a+b is greater than c, the fecond term muft 
be negative, its co-efficient being --a, --b, +f ; 
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and if a-\-6 is lefs than c, the third term mud be 

negative, its co- efficient +«3— «r— q^r {ai-^cXoTI) 
being in that cafe negative. 

In the equation x'^'\'a + 6 — r;^* + aS — ac-^bcx^ahc 
rzff, there can be only one change 6f the iigns, and- 
therefore one of the roots is pofitive, and the other 
two negative. 

For if a-^-h is lefs thaar then the fecond term is 
negative, and the third muil be negative alfo ; and 
ii a-\rh is greater than c the fecond term will be 
pofitive, and there can be bnt one change in the 
otber two terms, whatever may be their figns. 

And, in the fame manner, this reafonl.ig may 
be extended to equations of higher dimeniions, and 
therefore the rule will be found to be true in all 
kinds of equations whatever. 



PRO B L E M I. 

? incna/e ar dimtnijh the roots of 'an equation ly 
any given quantity* 



-RULE. 

1 . Take fome new letter, and conned it with the 
given quantity -by the *figns — or +, according as 
It is required to be increafed or diminiihed. 

2. Subftitute the powers of this quantity in the 
equation, inftead of the powers of the unknown 
letter, and there will arife a new equation, whofe 
roots will be augmented or diminiihed as required. 

K a 
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f. Let the quadratic ctjuation **'«-8;r+ 15220* 
be given ; it is required to mcfeafe its footi by 7^ 

Tkt)$ V::sj ^ -^ J 4)^ + 49 

2. Let ;r' — /Af*+ fx-^rzzo^ be the equation giviCO $ 
it is required to diminilh the roots by the quantity f^ 

Suffo/ex:=:y+e; 



3. Let *'+;v*— lojif + 8c=;o bf giveuj^ and let its 
roots be increafed by 4. 



" ' U . -^ .■> . ■ • — ' * " v- '■ 1 ' " ■« • 

F 

# F<^r i» th« i^mier e(^ation x^-|'^^+i5=f> ^^ i'9^t< 
^riB -r>3 and --"5, and In the equation j?*-;*- 6^ •rf-S^'Z^o, the 
roots sap % and 4 ; and therefore the difference \s y, as re- 
quired. 

f The laft term of this transformed equation, is the iame 
as the equation |ivcn, haYing < \a the pla^e of ;^. 
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Sufppfe xzzy — 4 ; 

^hen ;f3=y3 — l2jf* + 48)'--64 

— lOAf z: — iqj^-f4o 

+ 8 = +8 



eqiMthn required I, 



PROBLEM IL 
To take aiuay the fecond term from awf equation, 

RULE. 

1. Divide thc-co-efficient of the fecond term by 
the index of the higheft power of the unknown 
quantity. 

2. Annex the quotient, with its fign changed^ to 
fome new letter, and this being fubititated for its 
equal in the given equation, wul dcflroy the fecond 
term> as required. 



} In this example the ^ven equation is reduced to a qua- 
dratic, and in the prefent cafe, as well as in all others where 
the laft term vanifl.es, the number aflumed (—4) is one of 
the roots of the propofed equation. 

The affirmative roots of an equation are changed into nega- 
tive ones of the fame value, and the negative roots into affir- 
mative ones, by only changing the figns of the terms alter- 
liately, beginniiq; with the iecond» 
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PROBLEM III. 

To find ^whether fome, or all the roots of an equation 
h rational; and, if fo^. 'what they are^ 



R U L E.» 

- i; Find all the divifors of the laft Xtxm, and Tub- 
Ifitute them one by one for the unknown quantity. 

2. Then, if the pofitive and negative terms de- 
ftroy each other, the divifor, fo fubltituted, will* be 
one of the roots of the equation. 

3. But, if none of the divifors fucceed, the roots 
are, for the general part, either irrational or im- 
poilible. 

Note^ When the divifors of the laft term are too 
numerous, they may be diminifhed by changing 
the equation into another, whofe roots are aug- 
mented or decreafed by an unit, or fome other known,, 
quantity. 



EX A M p L s s : 

I. Let *^— 4Jif*— 7A'+io=o be the equation pro- 
pofed. 

Then the ' diin/ors of (lo) the laft term nj&ill he 
+ 1, — I, +2, —2, +5, — 5, +10, — 10. 



* Since the laft term, in any equation, is always equal to 
a multiple of all the ropt;^ in that equation, thofe roots muft, 
therefore, aeceiTarily be found in the number of its divifors. 

/ 
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. Jnd thefi hiing fuhfiituted fuccijimel^ infimdif 9s^ 
^11 give 1— 4*— 7 + 10= o 
— x~ 4+ 7 + JOs: iz 

*-S--- 164.144-10=: p 
125 — 100-^3^4.10=2 o 
Therefore +1—2 and ^^ are th4 three roots of thi 
equation roquirid* 

2. Let/<ii*^?-^4r j^sao^ be the c^iunftoii pro- 
pofed. 

I . Chanp it into mother^ thi w^mier xf whofe di* 
'vifors JhalT be kfs \ thus: 
Supj^o/eyzzx-k-i ; 
2*^/>r=jr*4-4^'+ ^**+ 4*+t 

— 8y= —8*— 8 

+32= .4-3« 



^—6**— 1 6x-^ 2 1 =:« :^ jj^w equation^ 

2, T'i^^ ditfifirs of the lajl term, (21) «^ thi* ne^ 
iquationare 

w ^ }j Ti* ."''^""^ +7> ~7* +^1* — *Jt- 

ur«/f */ />$^ pe f»iftitHt,ed fuccej^vely i^fiefi4' of 9t^ 
njue Jhgfi ho^e 

I— 6-^-1.6+21:;:: o 
I — 6 + 16+21—52 

^1-^54-^4^+21=: o 
81—54+48+21=96 ^ 

; , . y*^- .fw^^^ «<?»^ jjjf /fo Othfrs jSiCfJHst*^ 

So that I ^;?^ 3 are the oftfy rational roots^ tie ^th^ 
t*wo being impojjihh, 

3. Let ^+34f^^m|4^i;K^X20;^Oj, be At ^na- 
tion proposed. 

Here the nummAdimfwreofAt bxfi ttrm (lae') ar0 
If -ti^.* +^* !-ra^ +3, .rt-.3, +4^ --,»4^ +6,.^-r-6* 4^ 
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And hy fuhftituting theft /ucceffi<vely infiead of x, <tve 
Jhall ^ave 

1+ 3 — '4—12= — It 
— 1+ 3+ 4—12=: — 6 

8 + 12— 8—12=: o 

—8 + 12+ 8—12= o 

27 + 27—12—12= 30 
—27 + 27 + 12—12=: o 
ThtrifoTi tbt thret rooU art t», "^za aMd'yt^- 

P R O B L E M IV. 

T9 difco^er thi ro9ts if iquations fy Sir ISAAC 
NEWTON** method of di^uifon. 



RULE - 

. ■ 

1. Inftead of the unknown quantity^ fubftitute^ 
lucceflively three, or more, terms of the arithmetical 
progrefiion 2, 1,0, — i, -72. 

2. Collet. all the terms of the equation'into one 
fum, and'^ place them, together with their divifors, 
in a perpendicular line, right againfl the eorrefpond- 
ing terms of the progreffion 2,. i, 6, — i, — 2. 

3. Seek amongd: the divifbrs for an arithmetical 
progreifion whofe terms correfpond with the order of 
the terms 2, 1, o, — i, —2, and >Vhofe common 
difference is either an unit, or fbme divifor pf the 
co-efficient of the high eft power of the unknown 
quantity in the given equation. 

A, Divide that term of the progreffion, thus found, 

which flands againft the term o in the firil progref- 

fion by the ratio or common difference. 

- 5» To the quotient, lait found-, prefix the (ign +• 

er — , according as the progreiEpn is increafing or 
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decreaiingf and this numbef being fubilitiited for 
the unknown quantity^ wiO give one of the roots of 
the equatioa. 



\ft prog*. re/ults. 



CXAMPLIS: 

1. Let ;v^— ;ir*— io;if+6=:o, be the equation pro- 
pofed. 

^hen, hy fuhftituting fuccejfi*vely the terms tf the 
fregrejpon Zf 1, o, — i, injtead of x, the ivork will 
Jiand as follo^ws : 

di'vifors, 
I . 2 . 5 . 10 
1.2.4 
1.2.3. ^ 
I . 2 . 7 . 14 

And — 3, the term /landing againji 0, heing fuh- 
Jiitutedfor x, gives — 27—9 + 30 + 6 = « ; and tbere^ 
fore -—3 is a root of the equation, 

2. Let zx^ — 5Af*+4;ir— lorzo, be the equation 
propofed. 

Then^ hy fubfituting fucceffively the terms of the 
frogrejffion 2, i, o, — 1, — 2, infiead of Xy the work 
njonl ftand asfolloivs : 



2 


IQ 


I 




Tl 


•I 


+ H 



zd prog* 

5 
4 

3 

2 



Jft prog, 

2 

I 

O 

1 

—2 



refults, 

— 6 

— 9 
— 10 

— 21 
—54 



I 
I 
I 
I 
I 



di*uifors. 
2.3, 6 

3-9 
2.5. 10 

3-7-2I 
2.3. 6.9 



zd. prog, 
I 

3 
5 
7 
9 



^r^ 5, /i&f /^rw ftanding againft 0, heing di'vided by 
2, the common difference , gi'ves 2 1 5 <i«</ //&/> being 
fuhftituted for x, gives 3 1 J— 3 1 1 + 1 0— 10=0 ; and 
therefore 2^ is a root of the equation. 



JO 

144 

180 

160 


I.2.5.7.IO.I4 &c. 
1.2*3^4* 6. 8 {ffr. 

r.2.3 •^4* 5- 6 ^^• 
1 .2.4.5. l*io ^r. 


I 

2 

3 

4 


2 

3 
4 
5 


5 

4 

5 

2 


7 
6 

5 
4 


90 


1.2.3.5. 6 . 9 ^r. 


5 


6 


I 


3 
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3. Lct4^4-;r'— 29;if*^^— 9;if+i8otso, be dieeqaa* 
tioA propoied* 

Ti&^ff, hy fubftitutin^ as before , fbf avork tJuiHjiand 
mfollo'W'S : 

i^ fro. r^/ulte, di*v\fors* progreffions, 

I 

o 

—2 I 

So that here are four progrtjjions ^ and the numbers 3* 
4, — *3, and '-^^^ being each fubfiituted J^n- Xf mtdti 
thet fwhole equation 'vanijh, and are therefore the roois 
rehired. 

P R O B L E M V. 

To find the roots of cubic equations^ according t^ 
the method of Q KKD AH • 

RULE.* 

1. Take away the fecond term of the eqaatiooA 
by problem 2d, and it will be reduced to this form 
x^:izaxzzdzb. 



• The rule, from wheoce this method is de rired/ is «:^ 

ViA+-/lJ*+V7^^+^^i^— v^i^^+'^T^^ *"^ ^^« ^'*- 
ve^gation of it is as follb-^rs : 

, Let the equation, whofe root is required^ he xi-\-ax^h, 

l^t y'^xzzx, and '^yxzz: — a. 

Then, by fubAituting thefe values in the «:Jvcn equatiofl^ 

we fl iall h ave, .yMj^*«+iy»*+«^+£XJnh»^y?+»3+» 
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2. Subftitute the values of a and b^ with their 
proper iigns, in the following expreffion, and it will 
give the root required. Thus: 

. reet reqaired* 

Notiy When a is negative, and -57 a' is greater* 
than I ^*, the equation, by this rule, is generally 
impojQEble. 



r • I II >» 



And if, from the fquare of thls-U^ elation, there be talcen 
4 times the cube of the fequation yvizz. ~-< j^> .we fhall have 

But-th« fum of thM-«qwrtton and j^+»'rz3, is aj' r:^-^ 
*/b-^.±^t\ and ticir diiffereijce is 2«5~^— \/^4-^'^fl) | 

and therefore jr=:5V^4^4-Vi^+,*70*j and » — 

- And from hence it a ppears , that/4^> or its e qual ssyU'zi^ 
3^1^+ v'X^z+^yj + J V^i^- v^^Ji+_y}, which is the 
theosem* , . . • r - 

Cr, fmoe «is :=: -^ , it will* be ^-^xrz^zz 

This method of folvJng cubic equations is uAiaMy afcribed 

to Cardan ; but the invention is, undoubtedly, not his.-— 
The_ authors of it v^rere Sdph Ferreui and Nicholas Tartalca, 
who difcovcred it about tjie fame time, independently of each 
other, as is prdved by M, de Moutuda dans fon Hijio'ire des 
H^athemaUfuts, . 



no RESOLUTION OF EQUATIONS. 



examples: 

1. Lcty + U»*+9J'=I3, be the equatloa propo- 
fti; it is required to find the value of j. 

1. In wder to deftroy the fuond term^ letyZ=LX'^l 5 
then 

2^*= +3**-6^+3 
^ = +9^—9 

or x^-\-6x =20. 

2. F^ ^p^ 6* and for h 20, and nve Jhall have 

. , ,- ■ \a 



2 



Vio+Vioo + 8 3^,o+^iOO+8^ 

«Vio+ 10.3923 ,.. ^ =>V20.39^3"" 

vio-r ^y :) 3^10+10.3923 

> 



2 



---r===±:r:2.752— =2.732—732=25 ^^' 

-3^20.3923 2'732 . 

is xzzzy and consequently y-izx:::. root required. 

V 

2. Given jr3--6x=:-9, to find the value of x^ 
Here azi'-^6, ^nd 6=-9 ; tind therefore me fifoll 
have , 



T 



— 2 ,^ 



RESOLUTION Ot«^ EQUATIONS. in 
^^^Ak 4-31.— ;=. — =s=s-r: V — I— r'T — — f 

— I 

EXAMPLES FOR. PRACTICE. 

1. Given*'— 5;f^+io;c—8-:o, to find a-. 

2. Given Ar'+3o;cz=ii7, to find A-. Anf x'=ii, 

3. Givenj>^-^36j'=:9i, toiindj^. Jnf, y=z-j. 

4. Given x^-\'6x-=z'3,Q'/^, to find x, 

Anf, x^Z'/l. 

5. Given/^+ 24^:^:250, to findj^. Anf, yn^.o^^ 

6. Given j>*^— 3^— 2y*— 8=:o, to find y. 

PROBLEM VL 

To Jind the roots of Biquadratic equatipns, according 
H thf method y^ De s C A R TE s. 

R U L E.» 

I, Take away the fecond term of the equation 
by problem 2^ and it will be reduced to the form. 



* InvefilgMttn of the nk. hfx the given equation xx^^fx^ 
+''<v+^=:o> be eqi^al to the produd of the two quadratie 
equa tions x ^ +ex'^fiz:o, and x*— «ir+^— *r:*4'-f./+^— e* 

Then, by equating the homologous terms, we fhall ha\e 
f'¥g -^c^zzf, eg-^ eft^ r, and fgz^s^ and therefore fzs. 

L 2 
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2. From the cubic equation^'-f2fj'*-|-^* — ^j — 
r^ziio take the fecond term, and find the value of ^ 
by the lad problem. 

3. Put^=vO'>/=:-^+— ^, and^=X + 



— + — 

2 ze 



4. Find the roots of the two quadratic equations 
**-f £^-f/zzo, and x^ — ex+gzzo, ^and they will 
be the four roots of the biquadratic required. 



examples: 



1. Let K* — 4«' — 8x + 32=:o, be the equation 
propofed, in which it is required to find the vsjue 
of z. 



And from this laft equation we fhall have ^A^-ay^i+f* — 4* 
X ff^zzrizi to a cubic equation, in which the value of e may 
be found, as in the laft problem. 



But /(=X+iL_^) ,„d , f=± +iL.+^) 

\a a ze y **\ % z . %e 9 

fxt alfo known , and therefore thp r»ots of :lhe quadratic 
equations x* +«*+/—*> and ** — *jif ^|:2Z9> laay be deter- 
mined, and are the four roots of the biquadratic equation re- 
quiivd.- Q;^ £. I. 

. NbMj T\» co-e<Raeat of « Is put cqua} to e, in both the 
.equatiooe, becaufe when tl^e fecond teqm is wanting, the 
lum of the pofitive roots is .always equal to the fum of th« 
negative ones, with a contrary fign. 

This rule has fpmetim,es- been afcrib,ed to Dei Cartes, and 
ifometimes to'Eombelli, an It^an j but tiie original inventor 
ipf it was Louis Ferraru 
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1. To take avjay the fecoTui term, let x^i:z:k', then 

— 4«*=: — i^3.^| 2;r* — 1 2;r— 4 

—8a f= — 8;r— » 

+ 32 = +32 

;r*-— 6**— i6;r -f'21 =0, ^r 
y ^— 1 2y * — ^4?^;^— 25 6 =: o, for the c» hie ^qua^ 

ti<m, 

2. To take anvaj the fecomi term from this equation , 
/f// + 4=ry; then 

y=:/Hl2/*+48/+ 64 

— I2y*=I —12/*— '96/— 192 

48; = —48/— 192: 

— 256 zr -.^ - .,^2^6 

/»— 96/=:s76 



Ti^^ following method tf rejclving blquadrattc equations^ it 
tAken from Simpfon s Algebra f pag* 150^ zd edition. 

In the method of Des Cartes; above explained, aU biqua* 
dratic e^^atfons are fuppofed to be generated from the muU 
tipilcatioA of two quadratic ones t but according to the wajr 
which I am now going to lay down, every fuch equ^on is 
conceived to arlCe by taking the difference of two cgmplete 
iquare«. 

Here, the gencnd equation x4^-\-ax^-^lfx*+cx-\' d-zzo be * 

»ng propofed, we arc to aflumc x*4-itfjc + Al* — B*4-C|* 
:z:x4'^axJ+bx*'i'CX+d ; in which A, B, and C, reprefent 
unknown quantities to be determined. 

Then, x*+{tf*+A, and Bx-f-C being aflually involved, 
will give *4 4. a*? + 2 Ax*- "^ 

+irfix»4tfAx +A»> =zx^^^ax^'^lx^ 

— Bajc*— aBCaf--C»3 
H-^«+^ •• fipom whjRnce, by equating the' homologous terms 
wc ihallfhavo ^ . . . . 

L i 
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. 3, To ^nd the 'value tf p^ by Cardan's rule/or 
cubic equations. 



2./k 



i' 



vi^+va^^^^a^z.^twmf^ 



5W"« 



—32 




V288+-V/I88I*— 321^^ 



"12=r/; and therefore yzzi6, t>r»/y'=i\i fzt^ j 

2 2 

,\h -J _ — 6 . 16 16^ ^^ 

A =7, and g:^ 3. 

^ % ' ^228 

4. To find the r cots of the twd quadratic equations 
x'^+ex'^-f^o, andx^-^ex-i-gzzo. 



Hfek 



a. tfA — 2BC zrr, oraA— .f iziaBC ; 

Let now the firft and laft of tliefe equations be multlpliedt 
fpgeiher, and the produft will, evide ntly, be equal to J of 
the fquare of the fecond ; th at is ^At+^a^ — b X A* — 5u/A — 
J^»._^Xt/(=:BM:*)r:iXfl*A^ — 2tfcA + «:». 

Vf hence, by denoting the given quantities JJarr— ^ an* 
if*+<fxj^*--^ by * and /, reipefthrely, there will arife thii- 
lubic equation, A?— J^A^+^A— i/rra; by means where*- 
tef, th« value of A may be determined ; and theref©re, from 
the preceding equations, both B and C will alfo be known, B 

■ . I.I. .-■■ I. . II aA-^c 

^clflg fownd ffom. thence =1 V" a A + ^a^ — ^, and C =: ^g - 

The feveraJ valuss of A, B, and C bein g thug found, that 
of X will atfo be r^ad'ily obtained : for 'x^^lp^ax + M*' — 
B* + Lf' being univerfally, in all circumftances of x, equ^ 
to :9^+ajfl-i'U^ + (X'\-d, it is evident, that, wheft the 
value of X is taken fuch that the latter of thefe expreffions be- 
comes equal to nothing, th e fornner naufl lilic wlfe be egual vs> 
iotlupsi and confc^^jientJy i*+JtfX-|rA|' zilBa+^V*. 
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Ift thefirft ofthe/e ;»:=:— 2 + \/— 3, or — 2 — v^— Jr 

And in the fecond x'^'^^ and i. 

Therefore 3 , I , — 2 + V' — 3, ^W —2 — v^ -* 3 <jrf 
the four rwts of the equation X^ — 6x*— 1 6.^ + 2 1 zro. 

And if unify be a4ded ta each tftkMiy ^uae Jhedl haw 
4, 2, — l + V' — 3, and -^i — a/ — 3 fi^ *^^ roots of 
JK*— ifa;^ — 8« + 3 2 =:<?, ^i"^ equation profofid ; /^ /wa/ 
/^ of 'which are impoffibh, 

2. Given ;p^4-2;if3— 7;e*— 8jf4-l2=:o> to find the- 
Values of jc. ^je/^ x=i^ 2, —3 and — ^ 

3. Given *^— 25;ir*+6o;ir— 36=0, to find the va- 
lues of *•. Anf I > 2, 3 and — 6.. 

4. GiveiTj?*— 8j^ + i4;r*+47*— 6=0, to find thr 
value of ^. 

^w/. j^=3 + V5, 3— V5» 1 + V3* «««/i— a/3» 



T71— i w ii , I. I f ! m i n ii^i 



And therefore, b; cxtradiag the fqiuirf root of botli fides 
©fthe equation^ we fhall have Ar*4-|tfA:+AizdbB;c±:Cf. 

or ;g!=±iB^ltf±:^|^'Sl b^±:C— a}^= ±|B— fa±. 

T^'^tf«qpitfB+5B*±C-.Al/ ; which exhibits all the differ- 
ent rpots cf the gLyen equation^ according to the variation of 
tlie figns. 

This method' will be found to httre many advantages' over 
that gi^en above. In the fiWl place, here is no neceiTity cf. 
being at the trouble of exterminating the fecond term of the 
^uation, in order to prepare it for a folution : fecondly, the 
equation A3 — i^A^-fM — J/izo, here broug*ht cut, is Qf At 
niorc fimple form than thstf derived from the former method : 
l^d thirdly, the value of A in this equation, will always be- 
'ttmminfurau «nd ratimAi\ not only when- all the roots of the- 
^iyen equation are commenfuratef but iMSo when they are trr^- 
'tionat, and even tmp^jfihie, 

ExAMptE. X^t there be ^ii^n Jie4-f I2»— 17—0^ ta.J^tS^. 
tke >vaU(e9 •/ 91* 



r 
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5. Given ;r*+ 1 2x— 17=0, tofind dievaloesof. 



6. Given jir*-»-6;r* — 58jr*— ii4jf-^ii=:o, to find 
the values of x, 

22 z 

7. Given *^— 3^?*— 4;ir— 3=0, to find the values 



Here, by comparing this with the general equation x44r 
tf*1+^* +**+</=»» we fliall have azz^y hzz.o, en 12, 
and </.r: — 17 ; and therefore A>( — J^c— ^)m7, /(nJf* + <? 
Xjj»-Ji")=:36, and A3 — iM*+iA— {/^Ai + iyA- 
Andy from this equation, , A wiU 6e found equaf to t ; and 
tkoefbce B (=»AHHp*^*)= Va» ^( = ''^7 J =^^^ 

n— 3v^a, and jc=:±|V»±i=F3^^*--U* = =fc»v'^HF 
Hencc^ the four roots of the equation are IV2 + 

and — IV^'^'S^^'^'il^' ^^ fi^^ ^^d fecond of which 
.are impoflible. 

In foqae particular cafes of this rule^ the roots may be found 
by means of quadratics only. 

Several other methods of folving biquadratic equations have 
been invented by different authors \ but one of the mofl inge^ 
.nious is that given by M. Euler, in page 664 of his J?//- 
ment D^ Algebre* 

Equations of five, or more dimenfionSi may be reduced to 
thofe of an inferior degree y but the procefs will be exceedingly 
tedious^ 9i^ no general rule can be given lor refolvlng them. 
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PROBLEM VII. 

To find the r4ots of equations in general, ly the me* 
thods of approximation and <onvergingferies, 

R U L £•♦ 

1. Find 9 by trial> a ntHnbcr near!/ equal to the 
root required. 

2. Call the number, thus found, r, and let « 
be put equal to the difference between r and the true 
root X, 

3. Inftead of ;»;, in the given equation, fubftitutc 
its equal rdrs, and there will arife a new equation, 
affe^ed only with x and known (juantities. 

4. Rejeft all thofe quantities in which there are 
tvvo or more dimenfions of «, and the value of « 
will be found by means of a iimple equation. 

$• Add the value of z, thus found, to the valu^ 
of r, and U will ^ive the rpot required nearlj, 

6. If this root IS not fufficiently near the truth, 
repeat the operation^ by fubftieuting it inftead of r, 
in the equation exhibiting the value of », and it will 
give ifecond corre^ion for the root required. 

examples: 

1. Given **— 5;r«-3i:co, to find the value of se 
by approximation. 



^ • The rules hitherto given, for finding the roots of equa- 
tions, arc either very troublcfome and laborious, or clfe con- 
fined to particular cafes j but this method, by converging 
feries, is univcrfal, extending to all kinds of cquadons what- 
«vqr ) and, t&ough nsc accurately true, gives the value fought 
to any a/Tigned degree^ cxaAncfs. 

The method of obtaining the roots of equations, by approxi- 
mation, was firft made ufc of by VUta, 
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^he root , feund hy trial y is nearly equal to 8 j 
Let, therefore y 8=:r, «Wr+»=:A-; then 

r*4-2r2;— 5r— 5« — ^^31 — *; 

% 1 -I- :;r— r* '^ i +40—64 7 _ /; /,W^— 
zr — 5 16 — 5 II 

8.6 nearfy^ 

And, a gain y if 8.6 he fuhjlituied in thi place of r 

in the laf equation^ 'we Jhall have 

^_ 3' + ;'— >-^ -. -i'+43-73-9g - -04 -.003* 

2; — 5 17.2 — 5 12.2 

«W*r:8.6-f ,oo32=:8.6o32 nearly. 

And, if this 'value he again fuhftituted for r, it 
will give «rr. 000007780!, and ^rzr 8.603 a 77808 $ 
andfo M t4f any degree fifexa^efs r^quifeJ. 

2. Given x'+**-f*=:90, to find the value of ;r 
by approximation. 

The rect, found hy trials is nearly equal /« 4 j 
Let^ therefore^ ^zz^ty and r+xzizXp tSen, 

;r^=:r*-+2r «+«* 
X zzr -f-« ' 



r'+3r*«+r*+2r«+r+a=:90 ; 
<po— r'— ;**— .f go — 64—16—4 6 

3r*-f2r+I 48 + 8+1 57 ' 

«»</;r=i4.i nearly. 

Andagain^ if Af*\ he fuhftituted in the plact of r 
its the laji equation^ ^we Jhall have 
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3r* + 2r+l 50.43 + 8.2+1 ^* 

tf»</je=:4. 1 +.00283=4.10283 nearly; and Jh an to 
any degree of exa^nefs required* 

3. Given;c* + 2o;r=:ioo, to find the value of jf 
by approximation. Af^f. ;ir^4. 1421356236. 

4. Giv.en x^-^ lox^+^xzzztoo, to find the value 
of *■ by approximation . An/, 10. 1 79465 j . 

5. GivenAf' + 2;i:*— 23;!?— 70=0, to find the value 
of;r. ^jj/I ^=5.1349. 

6. Given ;if^— 15 jf*+63ar— 50=1(7, to find the 
value of X. An/. A:r= i .02803923 127. 

7. Given^t*— 3;r*— 75Af=:ioooo, to find the value 
of;if. ufif/I *=9.886oQ27. 

8. Given *' + 2;ir*+3;if' +4:1;*+ 5^=54321, to 
find the value of ;ir. ji^f* '^=^8. 1414455. 

R U L E II. 

1. AfiTume the general equation 4ift!+/ie^+c%3+ 
ife*, &c. =:/ ; where « is the converging quantity, 
and a, i^ c, d. Sec. co- efficients whofe values are 
known* 1 

2. Then will ^^ be an approxisiation of the 
firft degree. 

3. And, if / be put i= — — 1- we /hall have 
_. « o 

-J — =fc=^ — for asi approximation of the fecond 

decree. 

4* And^ Ib like manner, if ov be put =.^ 4.- 
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ad-^hc apy.a-^i K'p be 

-jz , then will — ■ _J_ ,J-li: 

an approximation of the third degree, &©• 



£ X A M PL H s : 

I. Given ;p*+2o;f=:ioo,tcr!fin:dthevaItoe of :^^i 

. The root, fo^nd hy triaU is nearly equal to \\ 
Let therefore 4+«=^, ^»^, hy JubfiitutioH, the 

ifuaikn 'willbec9miZ%%'\r^^'='\' 

Whenu.from therule, a=.2S, hzzi, czzo, K5c. and 

Thetefbre ^-^ =^=^=^ •I4»I3^^ ^^ 
r a^^J)p 788 197 

Jirfi approximation. 

Andy fince /=:A_JL=:-L, w Jhall ha'ue 
•^ a b 28 

^TjAX/ 2 8+1x4 28 + '- ^ 

""-fl*+^+ii^x/ 28x28 + 1 + 1x4 .?8x7+2.- 
}97 nf . 1 42 r 3 5 ^\for the/tcond approximation, 

•^ 4r --^ — <if 14 

.... _ tfr^X^J+i*;^ 
w/// be «:= -i i — : 



■^— -*» 



/rXtf^+^+tfiyXZ+'W— /X/* ' - 

28X4 xl8+f"_28x28 + f 2axi9«^ a 

28x784+12 + ^ 7^79^ + 7 49x79^+.*. •. ' 

iidtzr. 1421356236; «r;ir=:+i4« 1 356236 /(?r the 

3900.5 ....." .:•'■: .•/. *|. 

r#«/ refund, txtremely near. 
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2. Given ;t*+4Jf^io=iioo, to find the value 
cFx. At^. 10.677078. 

3. Given ;if^— I7;c*-f y^jrzijjd, to find the value 
of jr. Anf, i/|..95407, 

4. Given x^^^zx-^^zzio, to find the value of x, 

Anf. 2.09455147. 

5. Given 27*— i6>>^+4oj^*— 30^':= — i, tofindthd 
value of J. Anf. j; 11:1.2847 24. 



PROBLEM Vni. 
To txtra^l the root of any pttre pcwer in nutfthers. 

RULE. 

I. Let mzz the number whofe root js required; 
Tzz nearell root which can be found by trial ; and 
nzz to the index. 

2,' Then, by putting 'prz , we fliall have 

rX6i;-f «+ I 
xzzr-i =rr: root, near/y ; or x':=ir-\' 

rXZ'v-i-rt . 

extremely ncar^ 



'z;X2i;+2»— I + 6X»-~J X2«— 1 



SXAMPLES: 



I. Given x'^-m^ or, which is the fame things 
let the fquare root of 2 be found. 

M 
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Suppo/e the root, found by trial, to he 1 .4 ; then nve 

2 X 1.96 

Jhall have «ri=2, r=l.4, «r:2, and *vz=: > 

=98. ^-^9^ 

^«y, therefore, x:=:r-\ ===== — 1 . 4 + 

i/X6*i/+4«— 2 

98x594 ^70x198 ^ 13860 

2S^^^ root required nearly. 

Andy if the fecond, approximation he ufed, the roif 
nvi/I he found zz 1 .4 1 42 1 3 56236, which is true to the 
laft place of decimals. » 

2. Given x'^'Zi^ooji^ or let it be required to cx- 
traft the cube root of 500. 

Suppofe the root, found hy trial, to he S ; then *we 

3X51:2 
Jhall ha<ve m-^z^oo, r=:8, a=:3, and <v=. z= 

— 128; 

rX6*v-f »+i_o /: — 

And, therefore x:=:r'\ ===. ~ »— .003 — 

- <i;Xb«i/ + 4/* — 2 

7.93 for the \ft apprcxima tion. 

rX2a'-f» o 

Or ;e=:r +-===== —==—==» — 8 — 

2*i;-|-2«— I Xi'^- JX»— I X2«— I 

J-2Z^ =7. 937005 259936 y^r /i^f 2^ approximation, 

96389 

Ruhich is true to the lafi place of decimals. 

3. Let it be required to find the cube root of 2. 

Anf, 1. 25992 1 049894. 

4. What is the cube root of 1 17 ? ^^^4.89097. 

5. What is the iurfolid, or 5th root, of 1 25000 ? 

Anf 10.456389. 

6. It is required to find the 7th root of 1 00000. 

Anf 5.1794746792. 
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PROBLEM IX. 

^0 find the root of an exponential equation* 

RULE.* 

1. Find, by trial, two numbers, as near the true 
root as pofllble, and fubiUcute them in the given 
equation inftead of the unknown quantity, marking" 
the errors which ariie from each of them.. 

2. Multiply the difference of the two numbers, 
found by trial, by the ieaft error, and divide the 
produd by the difference of the errors, when they 
are alike, and by their fum when they are unlike. 

3. Add tlie quotient, lad found, to the number 
belonging to the Ieaft error, when that number is 
too little, and fubtrad it when too great, and the 
refult will give the true root nearly. . , - 

4. Take this root and the neareft of the former, 
and, by proceeding in like manner, a root will be 
had ftill nearer than before ; and fo on to any degree 
of exadnefs required* 

examples: 

I. Given x^moo, to find the value of ;r by ap* 
proximation. 
By the nature of logarithms xxlog. xzilog, ioorr2. 

jind^ fince x is founds hy trial, to be greater than 3 
and lefs than 4 ; 

Let, therefore, 3.5 and 3.6 he the two fuppofed 
^values of Xn 

' * The rale for folving exponential equations was invented 
by M. Jean Bernoulii, and publiihed in the LeipJicKGbk, 1697*. 

M 2 ' 
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Then the log, x:r:iog, 3.5=1.5440680; a/zJ x^ 
log, x:::! 1.90423 80 

2 



— .0957620ZZ ly? error, too little. 
4nd thelog,x-=:log,'^,6-=z,^^6'^02^y and 
xxlog. xz=.2.oozbSgo 



»OQ26%()OZZzd error, toogreat* 
Xft number 3.5 ift error -^.0^^762 

?</««/«/^r 3.6 2^^rrt?r+.oo2689 

o. I =dij: .09845 1 zr/um. 

2lLIl:S2^=:.0027s:=correaicn, 

.098451 

2d number 3.60000 
carreBion — .00273 



■• »■ 



3.59727Zi*zrrtftf/ nearly* 

^gain, /uppif/s ;if=i3.597 ; then 'wejhall have 
log, x-=z .5559404, and 
X X log, x:ii 1 .9997 1 7^> ^which fuhtra^ed from^ z 
gives ,0002824 t^e ^d error, too little, 
2d number 3,600 2/^rror+. 0026890 

^d number 3.597 3^/ ^rror— .0002824 

.QOlZTLdiff. .0029714— y»«f. 

:££2il±2£?l£l=.ooQ285 the correaion. 
.0029714 

3^/ number 3.597600 

* Qorreiiion +0.000285 

3.597285 'nxzz root required marly . 
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Or IND1T£KMINATB> OK UNLIMITED. 

PROBLEMS. 

A problem' is iaid to be indeterminate or ttnlimited, 
when the equations, expreiling the conditions of a. 
queftion, are lefs in number than the unknown 
quantities to be determined. And though Aich kind 
of problems are capable of innumerable anfwers, 
yel tJie refults, in whole numbers, are generally 
limited to fome determinate number, and may be. 
obtained as follows » 

PROBLEM I. 

^0 find t hi fvalues of x and yy in the equation ax'zz. 
fy-^c ; .ivhere a, h, and c, are gi<ven numbers, Wiihicb> 
adnufofno common di*vt/or* ' 

R U L E. 

1. Letovit. ftandfor a ijobole numher, and reduce* 

the equation to xzzlJLLzizwh, 

a 

2. Make JJllzzio Jjl£, by throwing all whole- 

a a 

numbers out of it, till d and/ be each lefs than a. 

3. Subtract J-tl, or fome multiple of it, from. 

a 

2., ^y 5221, or any other multiple of j', that comes. 
a a^ a 

M i 
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near the former, and the remainder will be a whole 
number. 

4. Take th's remainder, cr any multiple of it, 
from feme cf the foregoing fractions, or from any 
whole number, which is nearly equal to it, and 
the remainder, in this cafe, will alfo be a whole 
number. 

5. Proceed in the fame manner with this laft re- 
mainder ; and fo on till the co-efficient of j» become^ 

equal to i ; or -^ , ^..irafy^.zr/. 

a 

6. f hen will yrz.ap^g\ where / may be any 
whole number whatever ; and j; being known, x may 
be found from the given equation. 



examples: 

1. Given i^x-^lmj-^w^ to find** and j in whole 
numbers. 

19 '9 

Then, by fuhtradion, l^Jt^lZ^l^^llll^n^h. 

19 12 19 

^ . 19 ^ 19 19 

20y'\-6 J 

»r — — zz it'^. 

19 

19 19 19 

j4ni/ J rz I gp — 6 ; nuhere, if p be taken "Zi I , for the 
leaft fiffirfrmti've 'value of y, ^e jhall have yz^i"^, 
and »TZZ9, the anfvjer. 
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2, Given 3Jrz:8j — 16, to find the vahies of x 
andjr in whole numbers. 

-._ 8j— 16 .^j'— I , 2y--i , 

Here, ;r:z:— — ir2^ — 5 + — zi nvh, or 

zzz njoh. 3 3 3 

3 3 3 

333 

^j^^«f^ jjr:3^ + 2 ; /z»^, ^j? taking pzzo, fwe- fiall 
have yzzz and x'zzo, the an/xver. 

3. Gi^en gx-^ lyzzzcoo ; to find all the poflible 
values of a: andj' in whole numbers. 

p- a _2000 — I3y , 2 — 4y , 

Ftrfi,xiz — ^ ii — 222 — y + -ti— at!>&. <?r 

9 9 

9 

u/ff</, illi2! X 2 iz iH-^ zz 'ivh . ^///, ^ /•/ al/o zz ivh, 
9 9 9 

Therefore ^^^JI^z=y±!L^ ^h. :./. 
9 9 9 

Whence y n 9^ — 4 ; ami, by taking p^^l, 'wejhall have 
^ — 5 and xzzzi^. 
AKd, by adding 9, continually, to the laji 'value cf 
y, and fuhtradiing 13 from that of x, all the pojfib.e 
arfixcrs ^vill Jiand as JgUqius : 

^_ C 215.189.163.1^7.111.85.59.33 
I 202. 176. 150. 124. 98.72.46.20*' 

^S\ 5-23.4I-59-77- 9S-iJ3i3i ^.^ 
•^"^1 1 4. 32. 50. 6d ..86. 104. 122. 14.0 '^-^ 
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4. Given z^xzzijy+iS, to find x and y in 
whole numbers. Jn/l xzz^, andyzz.*^^ 

5. Given i^xzzj^y+y, to find x and y in whole 
numbers. J&r/! ^Jhe queftion is impo/JtMe-^ 

6. Given. 27^^=11600 — i6y, to find x and y in. 
whole numbers. Jn/. y:iiig, a/td xzz^S, 

7. Given Syx+2^6yz:zi^^io, to find the leaft 
value of Xy and the greateft ofy, in whole pofitive 
numbers. An/l xiz^o, andyzzizSoo*. 

8. Given 5^^+7^^-1-11x1=224, to find all the pof- 
fible values of x, y, and st:, in whole numbers. 

^-^ ^Jhe number ofanpvjers is 6o.v 

9. How many diiFerent ways is it poflible to pay 
lool. in guineas and pifloles only; a giiinea being 
equal to 21s. and a piilole to 17 s. 

Ah/. 6 different *wayr* 

10. To determine whether it be pollible to pay 
100 1. in guineas and moidores only. 

jinf. The quefiicn is impoffthhi 

11. A perfon bought 20 birds, of three diiferent 
forts, for IS. 8d. the firft fort at 4d. the fecond at 
\ d. aad the third at \ a-piece : how many ha4 lie 
of each ? 

Jnf, 3 of the I fl forty 15 of the zdy and z of the ^d* 

12. I owe my friend a fhilling, and have nothing 
about me but guineas, and he has nothing bujt 
louis d'ors ; the queflion is, how muft I acquit 
myfclf of the debt ? the louis d'ors being valued at 
17 s. jinf I mufi pay him 1 3 guineas y and he muft 

gi've me 1 6 louis d*ors, 

13. To find in what year of Chrift the cycle of 
the fun was % the cycle of the moon 10, and the 
cycle of indiftion 10. Anf In the year 1567. 

14. Twenty perfon s, con fifing of meny women, 
and children, fpend altogether 20 s. the men (^ctid. 
4s. a-piece; the women 6d. and the children ^ d. 
how many were there of each fort ? 

Anf 3 men, 1 5 ^vjomen, and 2 children*. 
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15. A vintner has wine at 2s. is. lod. and 
IS. 6d. per gallon : how much of each fort muft he 
take, fo as to mnke a mixture of 30 gallons, to be 
fold at IS. 8d. per gallon ? 

jinf, 16,2,12; 17,4,9; 18,6,6; ^r 19, 8, 3 

of each ft. rt, 

16. To determine how many ways it is poliible 
to pay loool. in crowns, guineas, and moidores, 
only. ^^{/*. 70734 different ^vajs. 



P R O B L E M IL 

^0 find fuch a nxjbole number sc, as Being divided By 
the given uumBers «, ^, f, tff. jhall leave the givem 
remainder^ ff g, h, ^c* 



RULE. 

1 . Subtrafl each of the remainders from x, an^ 
divide the difference by^^ar, and there will refult 

-*--:L, — ^, — , &c. ;== whole itarabers. 
a a a 

z. Call the value of x^ in {he firft fra^ion, /» 

and fubftitute this quantity in the place of :^ in the. 

fecond fradtion. 

3. Find the leall value of /, in the feoond frac- 
tion, by the lad problem, and call it r. 

4. Let the value of x be found in terms of r, 
and fubftitute this quantity in the place .of x in the 
third fradlion. 

5. Find the leaft value of r in the third fraftion, 
and call it s ; and the value of x in terms of /, 
being fubftituted for x in the fourth fra^oUj, and 
fo on, will give the whole number required. 
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IXAMPLES: 

1, To find the lead whole number, which, by 
being divided by 17, ihall leave a remainder of 7 ? 
but being divided by 26, the remainder fi;all 
be 13, 

Let xzz number required*- 

^'hen ^, and ■ ^ =: luboU numbers. 

17 26 

And^ hy putting ^ ~/ , oc^ ^^ // ba've *■ =: 1 7/ + 7 J 

Wbicb *value of x, bting fubjlitued in tbe idfradlon^ 

\np^6 , _ 26/ . ,. , 

gt^ves " * zzivb. But ■ ^ ■ « tf(/o zrwi&fc 

^»</, tbere/bre, — ——- V. ■ = ^" = «w;i5» 

26 ^ 26 ^ ai6 26 

zz *wb» zrr. 

JKrwr^ /=^26r— 1 8, and, fy faking rzz i , nve Jhalt 
ha've p:zz9,- 

Jnd, (Qn/e^uentlj xzzijXS + 'j'ZiiJ^^, tbe number 
reptired. 

2. To find a number which being divided by 1 1, 
tg, and zg, the rem aiders fhall be 3, 5, and io» 

Let xzz number refuired^ 

Tben , ■ ■ ■ /7«^ := *wboIe numbers* 

II 19 29 

-^W, ^ putting — =:/, uoejhall have ;ir =: 1 1/ + ^ J 
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Which rvalue ^f x. Being fuhjlituted in thf 2d f ration ^ 

11/— 2 , 11/— 2 22/— 4 

giqtes — ' ri W/&. or — ^ X 2= — - — - =/ + 

19 19 19 

«9 

19 19 19 19 

I zz <wh. or — ^^ — ' "zz iMb* 

But -^ is, liketoi/e, z; lAth* and, therefore, -^-* 
19 19 

19 19 

Hence, /z=i9r — 5, ««</;r=:i9r— 5 X 1 1 +3=209 

r — 52. 

^xr^^ by fiihftituting this 'value of x in the "i^d fraBion, 

*we fiall have " ~7r— 2-| Z2 'wh, or 

29 29 ' 

29 

But, 21x5=:^^ zzr-i = tAjh. or 

?9 29 29 

r— 20 , 

29 '^ 

Therefore, rzz2gs+20; and, hy putting szzOp nve 
Jhall ha*ue m20. 

And, confequently, x=:209 X 20— 52=4128=: ir«w- 
ber required, 

3. To find the lead whole number, which beii)g 
■ divided by 19, fhall leave a remainder of 7 ; but 
being divided by 28, the remainder fhall be 1 3. 

Anf 349. 
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4. To find a number, which being divided by 
3, 5, 7, and 2 ; will leave the remainders 2, 4, 6, 
and o, refpeftively. Ar^f. 104. 

5. To find the leail whole number, which, being 
divided by 16, 17, 18, 19, and 20, fh all leave 6, 
7, 8, 9, and 10 remainders. Anf, 232550. 

6. To find the leall whole number, which, being 
divided by the nine digits, refpedively, (hall leave 

» no remainders. Anf, z^zo. 



BIOPHANTINE PROBLEMS. 



* Diopbanttne problems are thofe which relate to the 
finding of fquare and cube numbers, &c. and are 
fuch as are generally capable of a great variety of 
anfwer^ They are fo called from their inventor 
Diophanius of Alexandria in Egypt, who flourifhed 
in or about the third century, and is the firft writer 
en Algebra we meet with amongfl the ancients. 

Thefe queflions are fo ^exceedingly curious and 
•abftrufe, that nothing lefs than the moft refined 
Algebra, applied with the utmoft (kill and judgment. 



*.That Diopbantus was not the Inventor of algebra, as has 
been generally imagined, is exceedinely obvious j for his me- 
. thod of applying it is fuch, as could only have been ufed in a 
very advanced ftate of the fcience. He fio where fpeaks of the 
fundamental rules and principles, as an inventor certainly 
would have done, but treats of it as an art already fufficiently 
known j and feems t?o intend, not fo much to teach it, as to 
cultivate and improve it, by folving fuch queflions as, before 
this time, had been thought too difficult to be furmounted. 
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could ever furmount the difficulties which attend 
them. Awd, in this way, no man has ever extended 
the limits of the analyiic art further than D top ban- 
ius, of difcovere4 greater penetration and jadgment 
in the application of it. 

When we coniider his work with attention, wc 
are at a lofs which to admire moft, his wonderful 
fagacity, and peculiar artifice, in forming fuch politic 
Otis as the nature of the problems required, or the 
more than ordinary fubtilty of his reafoning upon 
them. 

Every particular queftion puts us upon a new way 
of thinking, and furnilhes a frelh vein of aRalytical 
treafure, which cannot but be very inllrudive to the 
mind, in conducting it through almoil all difficultieft 
of this kind, wherever they occur. 

The following miethod of refolving tiiefe quefiioni 
will be found of conliderable fervice ; but no gene« 
ral rule can be given, that will fuit all cafes ; and 
therefore the fofution muft often be left to the faga- 
cit;y and fkill of the learner. 



It is probabte, therefore, that Algebra was known m tho 
world, long before the time of Dhpbantus ; but that the works 
©f preceding writers have been deftroyed by the ravages of 
time, or the depredations of ignorant barbarians. 
- His Arithmetics, out of which thefis problems were moftl|r 
coUe^d, confiiled originally of thirteen books ; ' but th« 
ftrft fix only are now extant. The beft edition is faid to 
be that publiihed at Paris, by Monfieur Bacbet, in the year 
2621. And in this work, the fubjed^ is fo flcilfully handled, 
that the modems, notwithdanding their other improvements^ 
have been able to do little more than explain and illuftrate hit' 
method. 

Thofe who have fucceeded beft, in this rcfpeft, are Victaf^ 
Jlrancker, Kerfey, De Billy, Oxanam, Frefict, ^aundirfin^ 
Ftrmatf and Suler, ^ 

N 
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RULE. 

1. For the root of the fquare or cube required, 
put one or more letters fuch, that when they are 
mvolvted, either the given number, or the highefl 
powej: of the unknown quantity, may vaniih from 
the equation ; and then if the unknown quantity 
bc^ but of one dimeniion, theprqblem will be folved 
h^ reducing th^ equation. 

2. But if the unknown quantity be iUll a fquare, 
or. a higher power, fome other new letters muil be 
auumed to denote the root; with which proceed as. 
before ; and fo on till the unknown quantity be but 
Qf.P9^ dinienGon; and from this all the reH will be 
determined. 



fiXAMTLES: 



1. •To divide a given fquare number (lOo) into 
two fuch parts, that each of them may be a fquare ' 
number. 

Let AT* (— n) ^e one of the parts, and then 1 00 — ** 
nuill he the other part, ivhich is alfo to he a fquare 
number. 



* If x—io had been made the fide of the fecond fquare,. 
Sa this queflion, inftead of 2x— lo, the equation wQuM 
l^ave been x*- — aox+ioozzioo — x* ,* in which cafe, 'h, the. 
^de of the htd fquare, would have been found =: zo, and 
^—10, or the fide of the fecond fquare =:o ; and for this 
reafon the fubftitution, ;c— lo, was avoided; but 3*— lo, 
4^—10, or any other quttitity of the fame kind, ytpuld have* 
focceeded equally as well as ^ the former j though^ in ^oio^ 
cafes, the refuits w^uld have been lefs iunple. 



i 
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AJfume the fide of th h fecondf quare =2^—10. : 
Then 'will 100— x^zrajt— iol*=r4-v*— 40^+ 100 j ' 
Jndy by reduSlioTiy jfz:8, and 2x — TO=6. 
' Therefore 64. and 36 are the parts required. 

THE SAME GENERALLY- 

Lft fl*r: ^/'i;^« fquare numhr, x^ {zzU) ^one of 
its parts y and a'^—x^zz the other, nuhicb is alfo to he a 

f^uare r.umher* ^ 

JJfume the fide of this fecondfquare rrr^f— «, 

. then -will «*— ;e*=zr;e— ^3:)*=rV* — 2arx'\-c^% 
Jnd, by reduSion, xtz- , And rx — «=—--—- 



'azz » t 

.a 



Thtrefre ^"^ * 



and L I are the parts required^ 

r* + i " r* + il 
''yuhere a and r may be any numbers, taken at pleafitire, 

, • 2. To divide a given number (13) confiftiag of 
two known -^are-tt«mbc«"(9 and 4) into two other 
iqaare numbers. 

•■ II 

If * and r be any two unequal numbers, of which * is the 
^cater; then will arj, <*— r* and i^ + r*, be the'perpen- 
-dicular, bafc, and hypothenufc of a right-angled triangle. . 

And from this canon two fquare numbers may be founi}, 
whofe fum or difference (hall be fquare numb ers .; fo r 

jT;) I 4. i% — r»]* n J»4-r»f, and r.*4-i*r — "arl) i ZZ j*— p] V 

or j*4-rj * — ia^H|*ii:2rp| j and this ^nrhen «• and r a» 
any numbers whatever. 

* This quef^n is confidered, by Vhpbantuty as a very kn- 
7::o4Mint one^ beiiig nu^de the foundation^ or hafii, ^, thoft 

" N 2 
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Andy confequentlj , r ^ ■ And ;czi ■ zz. 

4r/+i zr 

So that ■■ "^ and "*. ^irf //^^ numhfn requzr* 
4rj+i ■ 4rj+i 

#/; fwheri r and s may be taAen at plea/ure, provided 

. that r be greater than is^. 

5 . To find two numbers, whofe fam atid difference 
fliall be both fquare numbers. 

Let X und ;?*—#? be the t*wo numbers /ought* 
^hen^ fince their fum is evidently a fquare number^ 

mte of the conditions, of the queftions vsill be anftuered, 
Sfhere remains,, therefore, only their difference at^— ^ijr 

U be Made a fquare. 

And, if for the fide of this fquare, there he put jr— r, 

nioe Jhallkave x^'^ztx + r'^zzx^^^zx, or irx'-^zxzzf^^ 

r* "" ^1 )» f» 
Whence ^ xrz i ■, . andx^'^x + 



So that I and 



2r- 



2r— 2 



— «r/ the hum hers' 

,:?r«— ^ . 2r— 2 2r— 2 

required I nvbere r may le taken at pleafure, presided 

kfn greater than I. 

6. To find three numb^s Aichy that not only 
the fum of all thiee of them, but alio the fam of 
every two ihall be a fquare number. 

Let' 4x,^ ;r*— 4Jif and zx-\'\ be the three number t 
fought. ■ , . ^ _ . 

and 4Af + **— 4*+ tx-k- 1 (:v*+ 2Ar+ 1), ijrf evidently 
fynoTpi. 
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And J thertforcj three of the conditions ^ mentioned itf 
the quefiion, are accompiified. 

Whence y it remains, only, to make the quantity 

4jf -f 2Ar-f- If or6x'\'i:zz to afquare* 

Let, therefore, 6a?+i=^«*j and *we Jhall ha'ue 



XZZ' 



«*— I 



And, cinfequently , 



4^1*— 4 /I*— 1 



6 ' 6 






2^*— -2 , 2fl*— 2 «♦— 26/2* + 25 . /l*+2 

o .3 36 3 

are the numbers required \ nvhere a may he taken at 
fleafure, pro'vided it he greater than 5, 

7. To £nd three fquare numbers fach, that the 
fum of erery two of them fhall be a fquare nam* 
ber*. 

Let x^, j»*, and a* ^tf the numhersjought % 

lifWj hy putting — rz- ■> ii»// —1= , 

nve Jbali ba*v^ -^ + 1 =: — - — --I — » i»«</ -:^ + 1 =: 

Si* 4* «r 

■ tjohicb are both evidlentfy /quarts i and 



■ ■»■■■■ I ■ .. »■■■ 



* This i^eftion is capable of a great variety «f aniwen^ 
but the leaft root8> 'vv^hich have y^ been founds in whole 
numbers, are 44^ 117, and 240. See Elimtm d* jOgthre^ 
par M* Eni^ tOBW U. page 327* 
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** J'* -. 



therefore it remains only to make _--|.jZ- -^ /qua re 
ier. «* «* 



2r I 






4rV— -^' 



u^ff</> ^ making r — 1 ~ J + 1 , ^r r =:/ + 2 , nuefijollhaife 

j-fz Px/H -il^xj— i|Hi *Xj4 -2l^x^4-'i*=D; 

+4=a- 

iVlnv, Zf/ /i»^ r^c/ of this fquare be ojfumed -zi^t^ 
— J + 2, • 

^i&f«r^/z:— 24, and rzz-^ 22* 

Andy cof^eqttsntfyy ^g ^ T ,— — £Z£, «»// ;^^» 

* • Zjt .48 » 

r*-l^ 483. . . 

2r 44 

or ;irz=— iZi-, and jzzl — X^. 
• - 48 44 

/» orrf<pr^ therefore, io have the anftver in njohoU 

numbers y let «=r52€, and ^we Jball have ;irzr6325, and 

jr=:5796, ^r 5I8, 5796 and 6^z^ for the roofs of the 

fquares required* _ 

8. To find a number ;k' fuch^ *that x-^- 1 and x-^x 
ftaH be bdth fquarc rfnmbers. Arif ;t==|, 

9, To £nd a number ;ir fucb, that ;r 4-128 and 
;H-i92 j(hall be both fqttdjref. ^^j^ ^^97.* 
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10. To find a namber x fttch, that ;r*4;c and x^ 

— ;e may be both fquares. ^ >. 25 

24 

1 1 . To find two nambers x and j> fuch, that ;r4-^, 
^'4"J' attdy^-\-x may be all fquares. 

^7?/! ArriJ and yzz.'i^* 

12. To find three numbers in arithmetical pro- 

freffion fuch, that the fum of every two of them may 
e a fquare number, jinf. I20j, %^o\y and i^tol. 

13. To find three numbers fuch, that if to the 
fquare of every one of them the fum of the other "two 
be added, the three fums ihall be all fquares. 

Jnf, |, '/ and !• 

14. To find two numbers in proportion as 8 is to 
15, and fuch that the fum of their fquares fhall make 
a fquare number. ;An/, ^y6 and 1680. 

1 5 . To find three fquare numbers in aiithmetiedl 
progreffion. Anf, 1, z^, and /^g. 

16. To £nd three fquare numbers in harmonical 
proportion. Jnjl 1225, 49, 47^25 •' 

17. To find four numbers fuch, that if a fquam 
number (100) be added to the product of every two 
of them^ the fums fhall be all fquares. 

Jn/. 2, 32, 88 and 168* 

18. To find two numbers fuch, that their diffe- 
rence may be equal to the difference of their fquares, 
and that the fum of their fquares fhall be a fquare 
number. -^«/I ^ and ^» 

19. To find three numbers in geometrical propor- 
tion fuch, that every one of them being increafed 
by a given number ig^ fhall make fquare numbers. 

An/, 8^9 ^und — ^* 

4 ^'^ 

20. To find two numbers fuch» that if their pro- 

^u£l be added to the fum of their fquares^ it mail 
make a fquare number. . 

Atff* 5 and It 8 and-j^ 16 and ^^ W« 



142 DrOPHANTINE PROBLEMS. 

21. To divide a given nomber (lo) into fourfach 

parts, that the fum of every three of them may make 

a fquare number. j. ^ /: i86 ,68i 
^ Anf. I , O,--— and . 

289 289 

22. To find three fquare numbers fuch, that their 
fum being (everally added to their three fides Ihall 
-make fquare numbers. 

M /. 4418 I32C4 ,10881 , , . , 

Anf. -ZZ — , ,r -^ S and ^ z: roots required • 

62920 62920 62920 

23. To find two numbers fuch^ that their fum 
being increafed and lelTened, either by their diiFe- 
rence^ or the difference of their fquares, the fums 
aiul remainders fkall be all fquares. 

Anf, \% and .-y'^. 

24. To find tWp numbers fuch, that not only 
^ach number, but alfo their fum and their difference, 
beiog inereafed by unity, fhall be all fquare num« 
'bers. Anf. 3024 and 5624. 

25. To 'find three numbers fuch, that whether 
fdieir fum be added to^ or fiibtra&ed fltwi' the fquare 
'of every particular number, the ntmibers thence 

arifmg fhall'be all ^itares. 

Anj* - 9 ^•' • and ' ,"t 
96 96 96 

26. To find three fquare numbers fuch, that the 
'fom of their fquares Jhall alfo be la fquare number. 

An/, Q, 16, and -ii« 

^ 27. To find three fquare numbers fuch, that the 
difference of 6very two of thum fhall be a fquare 
numbdr.' jtn/l 485809, 34225 and 2$^o^^ 

28. To divide any given cube number (8) into 

4Jvee other cube numbers. > /• ^4 *?5 ^ ^, 

Aft/* — '» — — • una I • 
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29. Two cube numbers (8 and. i) being given, 
to find two other cube numbers, whofe difference, 
ihall be equal to the fum of the given cubes. 

^ ^ ,; . , . 343 343 

30. 10 divide a given number (a8) compofed of 

two cube numbers (27 and i) intQ. two other cube» 

21446828 21446828 

31. To find three cube numbers fuch, that if 
from every one of them a given number (i) be fub- 
tracted, the fum of the remainders fhall be a fquare. 

3375 3375 
3^- To find three numbers fuch, that if they be 
fcverally added to the cube of their fum, the three 
fums thence arifing ihall be all cubes. 

^^/-L538 ^ 18577 ,^,;3£iL. 

157404 157464 157464 
33- To find three numbers in arithmetical pro- 
portion fuch, that the fum of their cubes ihall be a 

^ ^ ^y\ h ^' ^' '"' H9> 256, and^€,i, ^c. 

34. To find three cube numbers fuch, that their 
fum ihall be a cube. number.. 

• -^V^ 3'* 4^ and 53, or 21% 193, 18', iffa. 



; Of the Summation, and Intirfolat^n, of 
' INFINITE CONVERGING SERIES. 



The do&rine of infinite firies is a fubjedt which has. 
engaged the attention of thegreateft Mathematicians: 
hii all ages; and is, perhaps, one of the moft ab- 
ilrafe and difficult branches of abftrad mathematics* 



r 
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To find the fum of a feries^ the namber of whofc 
terms is inexhauflible, or infinite, has been con- 
iidered by fome as an extravagant paradox, or a 
thing impoiiible to be done. But this difHcuIty 
will be eafily removed, by confidering, that every 
iinite magnitude whatever is diviiible in infinitum, 
dr confifts of an infinite number of parts, whoie ag- 
gregate, or fum, is equal to the quantity firil pro- 
pbfed. 

A number adually infinite is, indeed, a plain 
con tradition to all our ideas ; for any number which 
we can poilibly conceive, or of which we have 
any notion, muft always be determinate and finite ; 
fo that a greater may be fttll ailigned, and a greater 
after this ; and fo on, without a pofiibility of ever 
coming to an end of the increafe or addition. 

And this inexhauHibiiity, in the nature of num, 
bers, is, xherefore, all that we can diflindlly com- 
prehend by their infinity ; for though we can eafily 
conceive that a finite quantity may become greater 
and greater without encf, yet we are not from thence 
enabled to form any notion of the ultimatum ^ or lafl 
ihagnitude, which is incapable of further augmen- 
tation. 

Wecannotj therefore, apply to an infinite feries-. 
the common notion of a fum, or a colledlipn of 
feveral particular numbers, that are joined and 
added together, one after another; for this fup- 
pofes, that thofe particulars are all Icnown and de- 
termined. But as every feries generally obferves 
fome particular law, and continually approaches to- 
wards a term or limit, wc can eafily conceive it to 
be a whole, of its own kind, and that it mnft have a 
cettain real value, whether that value be determin- 
jibie or not. 

Thus, in many feries, a number is afiignable, 
beyond which, no number of its terms can ever 
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tt^ck, or indeed ever be cqoal to it ;' bnt yet ma^ 
approach to it, in fnch a manner, as to >vant lefs 
than any given diiFereirce. And this we may ckll 
the value, or fum of the feries ; not as bein^ a num- 
ber iound by the comrnon method of addition, but 
a^ foch a limitation of the value of the rcries>.takda> 
in all its infinite capacity, that if it were poiffible to 
^d thent all. together, one after another, the fum 
would be equal to that number. 

Again^ In other feries, the value has no- liinita- 
tion ; and thfs may be exprefled by- faying, that the 
fum of the fenes is infinitely great ; ot, which is the* 
faxoe thingyi that jt has no determinate •ati'd ailign- 
able value ; . but may be carried oh, to fkch a length^ 
BA that its fum ihall exceed any -given nhmber.whit* 
wier^ 

According to the Gommoii riile fdr fantmrng tip a* 
finite progreffion of a geonr^trlc decreafing feries, 
where^r is the ratio, / the fiHlteriii, and a the krafl^ 

the fum 18 • And if we fuppofe a, the le& 

extreme, to be aftually decreafed to o, then the fum 

of the whole feries will be \ For it is demon- 

V f— I 

ibable, that the fum of no aiSgaable- aamber of 
terms of the feries can ever be equal to that quo- 
tient ; and yet no number lefs than it, will ever be 
equal to the value of the leries. 

Whatcvfer confequences, therefore, follow from 

fi ^ 

the fuppofition of being the true and adequate 

value of the feri^ taken in all its infinite capacitf , ^ 
as if all the parts were adually determined and add-' 
ed together* tfcey Can ncTcr be the oceafioh of any 
aifigpaUe ertor, ia any operation or 4ie«imi&«tibii« 

Q 
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where it is ufed in that ienfe ; becaufe if you fay 

tV^t it exceeds, that valae^ it is demoaftrable-^hat 

^his excefs muil be lefs than any ailignabl^ difference^ 

which is^ in eife^l, no diFerence at all ; and there* 

fore, the fuppofed error will like wife be no error, 

' ' rl 
and confequently may be looked upon as ex- 

prefiing the adequate and juft value of tjie infinite 
feries. 

But we are further fatisfied of the reafonablenefs 
of* this do^ri^e, by finding, in fa6l, that a finite 
quantity does adluaUy convert into an infinite feries, 
asappears in the cafe of circulating decin^ls. Thus, 
I turned into a decimal is '=.66669 &c. =t\ + 
tlzj.+ xtf^^ + Tcl-ro.^c. continued ad. infinitum. 
But this is plainly a geometric feries, from •;%,. in 
the continued ratio of iq %o i, and the fnm^of all 
its ternu, continued to infinity > will evidently be- 
equal to -|^ or the number from whehce it was 
originally derived. And the fame may be fhewn of 
many other feries, and of all circulating decimals in 
generaL 

P fl O B L E M I. 

^ ^ny feries being gi^uen to find the fever dl orders of 
differtnces* 

R u L e: 

I . Take the firft term from the iecond, the fecond 
from the third, the third from the fourth, &c. and 
the remaindwwiU form a new feries^ catUed the/i>y? 
oKder of differences. 

s 2* Take the firft term of this laft feries from the 
/e^Qud, the iecoad from the third, ^hethifd^from 
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the fourth, &c. and the remainders will form ano- 
ther new feries, called ^€ fecond order of differences, 

3. Proceed, in like manner, for the thirds fourth^ 
fifthi Sec. orders of differences ; and fo on till they 
terminate, or are carried as far as is thought qc-; 
ceiFdry. 

examples: 



■» >■ 



the feveral orders of differences in the 
feries i, 4^ g, 16, 25, 56, &c. . 1 1 ^ . . i .\ 

1,4*9* i^> 25, 36, &c. 

3>S» 7» 9* ii>&c. ijidiff. 
2, 2, 2, 2, Sec. zd dtff. 
Of Of Oy Sec* 

2. To find the feveral orders of differences in the 
feries 1, S, 27, 64, 125, 216^ Sec. 

I, S, 27, 64/ 125, 216, &c. 

7* »9» 37* ^»> 9»* ^c- 1/^^- 
I2> i8« 24j 30, Sec. 2ddiff. 

6^ 6, 6, Sec, ^ddtff^ 

o, o. Sec. 

t. To find the feveral orders of differences in the 
feries i, 3, 6, 10, 15, 21 » Sec. 

Anf \ft 2, 3, 4, 5, \Sc, 2</i, 1, 1, l^c. 

4. To find the feveral orders of differences in the 
feries i, 6, 20, 50, 105, 196, &c. 
Anf \ft 5, 14, 30> 55* 9'* ^^- 2^/9, 16, 25, 36; 

^^* 3^7* 9* *** ^<^* 4^^ 2, 3, ^f. 

PROBLEM III 

« 

Anyjeries a, by'cy </, e^ tsff. Being gi<uen, to find the 
Jirft term of the fttb.crder of differences. 

O2 



hs summatioi^ of series. 

RULE. 

' Let 9 fland- for the firft term of the nth. dif- 
ferencea. 



• « 



Then will «-«^+« X^m^-w X 2Z:i x2^''+ 

» x^ZlI x^^^ X ^^^'> &c. .to »+. I terns =J^ when 
s 18 an even number. . . 

And — /i+«^— ;»x^Elir + »»X?I— I X— ^^— « 

X^lZix^^x^!^^, &c. to «+i terms =3; when 

.2 3 4 

j!r,is an odd number. 



examples: 

1 . Required the firft term of the third order of 
differences, of the feries i, 5, 15, 35, 7^, &c. 

Let a, I, f, //, e, ^c. =1, 5, 15* 35, 70, tsff. ««^ 

«=3- 

fS^/i -./i+«*—»X- .f + »X X d^-^ 

2 23 

^4 3^-.3f +^=: ^i + 15— 4J+ 35 =:4r=/;*^/r/^i?r»f 

2. Required the firft term of the fourth order of 
differences of the feries, i, 8, 27, 64, 125, &c. 

Z^/ fl, ^, o </, ^, trff, =: I, 8, 27, 64, 125, £ffc. 

2 9 3 
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234 
4-162— 256+125=0; y& that the frfi term of the 

fourth order is O. 

3. Required the firft term of the fifdi order of 
differences, of the feries i> |> |» i> t?» ^c* 

4. Required the firfl term of the 8 th order of dif- 
ferences of the feries^ ' > 3» 9> ^Z^ ^ ^ > ^c* -^V* ^5^* 

PROBLEM in* 
To find the nth 4 term of the feries ^ ay A, f , 4^ f, He, 

R U L-E.. 

Lcti/\ ^", ^*", d^\ &c. be; the iirft of the 
iev«ral orders of diiferences,, found. at • in: the laft. 
problem: 

Then wHl g+^^V'+flZix^Zlf^^'-f ^Zli x^ 

I . I 2 I 

X 2^?" + X- X — ^X — 2^'%. 

« 3 I 234 

42c«. br=:: nth. .term required, r ^ . . > 

KX A M P L £^ : 

]«, To £nd the izth texm : ef the feries 2^ ^»\z» 
ao, 30, &c. ^ 

2, 6, 12, 20,, 30, &c. 
4, 6, 8, 10, «rc, 

2, 2, 2> &C. 

o, o,&c. 

03 



fT. 
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Uart 4 and t are the firfi terms of the digirences % 
Lett therefore^ 4=<^S 2=r</", eard n=,\z. 

Then tf + !^./Mi^^X^^^"=2+n-^' + 
I I 2 

2. Required the 20th term of tht feries l^ 3> 6j 
10/15, 21, &c. 

I, 3r6, 10, 15, 21, &C, 

2, 3, 4, 5, 6, &C. 
I, I^ I, I, &c. 
o, o, o, &c. 
Here 2 ^rwi/ i are the fir ft terms of the differences m 
Let, tbere/m-B^ zzzid^^ isz^'*, astd nz:z%Ot . 

I I ^ 

i7i</"=:i + 38 + i7izz2 lozzzoth term required. 

3. Required the 15th term of the iMes i, 4, 9, 
i6>' 2f i 36, apc. - -rf^ 2«5. 

4. Required the 20th teirm of the ieries i, S, 27^, 
di^ iij, &€» . J^. 8000. 

PROBLEM IV. - 
To find thefum of n t^rm of tU feri$$ Oy by<,d, 

R U L E, 

tetd^ ^^ d^^\ d'% 3cc. bcflieiirftof Aefetc 
xal orders of differences. 

ThenwUl na+uxtZl^' +nx'!—Lx^^d'* 

2 23 

■ V.*-"* »— 2 «— 3 Jill , v^»— I «— 2 

H-»x X X — i<r"4-«x X x 

234 « 3 
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Ix-— ^^'""^ &c. := to the fiun of » terxis of tli« 

4 S 

ferles. 



JS X A M r L E S : 

1. To find the fum of n terms of the feries i, z, 
3* 4* S* 6, &c. 

I, 2, 3, 4, ^, ^, &c. 

1, I, 1, 1, I, &c. 

o, o, o, o> &c. 

^^rtf I and o iir^ thefirft terms of the differenteu 
Lety tberefrre^ «== i , </* z: i , «»i^ d^^zzo ; 

2 2 2 

,/&w o/*« /»r«v, oj required. 

2. To find thb fum of « termrof the feries i% 2% 
3% 4% 5% ^c- 9'' i^ 4» 9* 16, 25, &c. 

i*4> 9> i6> 25, &c.' 

3* 5» 7> 9* &CW, 
2, 2, 2I &c. 

o, o, &€• 

Here 3 ««/ 2 «rf thefirft terms of the differences : 
lety therefore^ azll, d^zz^ and d'^^zzz.^ 

3« x2!=2+«x2i:ix^^=2==l2!z:24.i!!^^ 
J^ f 3 « ^ 3 . 

»X«+IX2»+I r ^ . . 

s ;" ' ^ ■ :^/um ofu terms i asrifuiruU 
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• 3. To find the fum of « terms of the feries i?, 

*'» 3'* 4** S** ^^* OTi,S, 27, 64, 125, &c* 

I, 8> 27,64, 125, &c, 

7> '9> 37» 61, &c. 

12, 18, 24, &c. 

6, 6, te. 

Heretht firft terms of the differ encet are y, 12 ^in/ 6. 
iff, therefore, az=,i , d^ zzj , d"zzi2, andd^*^=z6.^ 

nen 'Will «tf+«.xl=:2^'+«x!zix^^-»^" 

+ «X X X i^" — Jr+7«X +I2« 



* 3 

.X— --x +o»x X X— ^=:i-^ 

• 2. ^ 



» — I If— 2 «— 3 7ir'— J)!r 
^ ■ ■ X ZI ' ■ 

2 3 4 . * 



X 



* The Aims of a feries of powers of the natsiial numbers z^ . 
^i 3> 4» 5> ^c* >nay be exhibited as follows ; 



•X. 

3 

4 
5 

re 



,1 4*2 4-.3 +4,^irc. +» =:l-ii- 

i»+2* + 3»4.4S&c. +»»=:!4.^4.!' 

3 »i 6 

,3+aJ+3?+4l; &c. +^i=!?4.:i!4.!l 

424 

14+244.344-44., &c. 4.«4=:::£4.1*4.i-.JL 

5 » 3 39^ 
- . - j»^ . «5 cj»4 «*• 

i«+»5 + 3^+4** *c- +»ri^=T+-+^ 

■62 II 12 

i«4-»*+3^+4^ &c. 4.«6=:^ + -4. -.4-- 

7. .2 2 O 42 

!'•+»'•+ 3'' +4^ &c; 4-«'"==^^+-4-^^^! 

■ H-l 2 3 »4 

2.^.4.5.6 2.3.4>5>6.7.^ 
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4 4 

Xz/um ofn terms ^ as rt^uir^d, 

4. To find the Aim of n terms of the fe ries 2, 6, 
12, 20, 30, &c. «x»+ix»+2- 

3 

5. To find the fum of n terms of the feries i , 3, 6^ 
lo,i5,&c, ^Af/- *\/.2±i.>*^* 

. . . . •.. -I , ; % - .3 

6. To find the fum of « terms of the ftfrles i, ^j 
io> 20; 55i &c. ^^^ lx^:)^2±2 x''^ 

' > ^ 3 4 * 

7. To find the firm bf « terms ord* fel^ t^ 2^; 
3*, 4*, &c. or I, 16, 81, 2,56, &c^ 



■^^w4— W*— H» I P ■ ■■ < 



The fums of ir terms of a ftrfes of trianguftw number! may 
alTo be exhibited as fbttow s : 



I 
2 



1 + 1+ 1+ 1, &c.z;«^ 
1+2+ 3+ 4> &c. = ^ — ^-- 



3 1 + 3+ 6+10, &c.=:ll±il±i 

J^-J 

4 1+4+10+20, &c.=:ldti±±li±i 

sli+5 + 15 + 35, &c.=*'^+'-'^+^-'^^^"+J 

. .^-2,3,4.5 ^_^^ 

1 + 6 + 21 + 56, ^c,-,^-«+^-^ + ^->^ + ^^+l--'4-? 

».a-3'4-5'6 
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PROBLEM V. 

^Be fortes a, B, r, d, e, i^c, being gi*ve»^ nvbo/i 
Urms art at an unites diftana from each other i to find 
unj inUrmtdiati term bj intfrfolattQn, 

RULE. 

Let n be the difbtice of any term jr to be interpo- 
Iated> and d^, i/", ^T'", &:c. the £ril terms of the 
diferencei: 

Then wM a+xd^-^-xX^.Zld^^ -^xX^Lllx 



3 » 3 4 



B jc A M F L B r; 



•" 



t. Given the logarithmic fines of i® o% i® i% 
I® %\ and 1* 3' to find the fine of i"* i' 40''. 

1^0' i*i' 1^2' 1*5' 

Sin$s 8f 241 8553 8.2490332 8.2560043 8.2650424 

71779 70611 <^948j 

. -^1168 —1130 

38 
HiTi fht firfi UrnU of the differonas are 71779* 

— >ii68> and 1%. 

Let, therefore, ;r=:i'* 1' 40"— I® o'=i' 4o"=:i| 

ZZ dfftance ofy, the term to be interpolated } and d^-=i. 

7»779* ^"=— u68, «Wi^»"=:38. 

2 2 

£:^^"'=«+i</*+i</"-i-^'" =8,^418553+ 

3 3 9 8J 
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•^119631— .0000694— .0000002228.2537533=: ^«e 
6fi^ if ^o'\ as tAjas required. 

2, Given th^ feries y^, -f^, -fj* rr> Ty> ^^ ^ find 
the term which ftands m the middle between -^'^ and 

3. Given the natural tanjents of 88**, 54', SS'*, 
55', 88^, 56', 88°, 57% 88^, 58', and 88% 59'; to 
find the tangent of 88% 58', 18". 

J^/. 55.711144. 

? R O B L E M VI. 

'Ha<ving gi*ven n feries of iquidijtant terms a, i, c^ 
Jt e, Wr. ^hofefirjt differences are fmall\ to find any 
intermediate term iy interpolation • 

RULE. 

Pind the value of the unknown quantity' in tie 
'equation which (lands againft the given number of 
termsj in the following table^ and it will give the 
term jrequired. 

I tf— bzz o 

z a-^zh-^- czz o 

4 A— 4^+ 6^^— 4^/+ 0Z1 o 

5 0— 5^-f lor— lo^rj- 5^— /•— o 

6 «— .o^+-i5c— 204/+i5^— 6/'+^=:o 

7 a^ni^nx'lZlc^nX^HUx'i^^i^c. =0. 



examples: 

I. Given the logarithms of 10 1, loz, 104^ 9mA 
105 ; to find the logsuithm of 103. 
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Here tbt numher of term».are 4», 
Therefore againfi j^y in dse table, lAie havi ^•^4^'i' 

6 



ftfrr 2.0043214 
1 Szz 2.00S6002 

1 ^IX 2.0I70A^1 



Whence 

I Mi^: 2.017c 



I ^=: 2.0170333 



N » 



4X^ + ^=16.1025340 

6)12.0770233 

■ g. 

2 .0 1 2857^ ^log* {/* 1 03 J,^0i rtquiriJ* . . 

2* Given the cube roots. of 45, 46, 47^ ±%, and 
49 ; to find the cube rootof^ov jSnf 3.084035. 

3 Given the logarit&ms of 50, 51, 52, 54, ^j^^ 
aoil 56 ; to fiAd, the, logan^hxn of 5^. 

■ ' wfo/ I •7242758695. 

IPAOMISCVOUS EXAMPLES REtATING 

TOSERIBS. - ' 

I . To find the fum -(S) of n terms of the (eries r, 
a* 3» 4» 5» 6» ^c. 

/"/>/? 1 + ^ + 3 +^4+ ^ fc^iT. . . . . «=:^. 



Th erefore xr47i+;y+i+»+i-f«+i« £^f. ., 
n-^-izziS* 

And confe^uently n-\'\y,n'ZllS\ or ^=» -ss 

2. 

Jkm:r(fmed* \ 
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^o find the fuiii {S) of ii^ terms-of the feries i, 3, 

S> 7> 9> "> ^c« 

fir/i + s + 5+7 +9.esfr . , . , . 2 »— T z;:^. 

' -•saaaMMsaa. •mamaarMaflk ^laarMHKHM ^^„^„_„__ aMnM^a^M^ 

^W 2»-i-i +2«— 3+ 2»— 5 + 2»— 7+ 2«— 9,.£5fr« 
v • • • I izi 6 • 

72'^r0r^2« + 2*+2«+2»+2», S^r. . . . . znzzzS. 
And, con/equently, znXnzzzS; erS=^!^zz9f^z± 

^um requiri3. 

3, Req uired th e fum {^ of n terms of the feries^ 

a + a + d+a+zJ-i^a+^d+oT^, ^c, 

Firft a+a-td+a-lzd-^a-^^d^ tffr. • . . a+n^l 
■Xdz=:S. 

And a+7id'-d+a-^nd'^zd+a+?id'^^d+a + 
yid^4.d, ^c. , . . . a rzS. 
The refore z a + ttd'--d+ za +n/i'^d+ za +nd^d, l^c. 
za-^nd — dzzzS. 

Andy confequently y za^7d^Xn:r:z$ ; or Szz 

Ml 11 ■" I II III I ^ 

za -f nd-^dX — = /mn required. 

2 . ' . J 

o K r H u 8 : 

C +0+ 1 + 2 + 3+4, 55ff. X^i" ' ' 
But n terms ^/ 1 + 1 + 1 + 1 + 1, W'r. = ». 

/)/>/<? e/^O+i+2 + 3+4, el'r. =:Z£1Z1 

^^ 2 

Andthirefprt Sz:m+''JLlZl^^24+nd^dx 

lu— «i before. 
2 • ' 
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4. To find the fum (5) of « terms of the fcries i, 
*■, Af*, x^, X*, Sec. 

Firfi, i+x+x^-^x^+x^^^c x^'-'^zzS. 

Jiui x+x^+x^+x^-^x^, £5ff . . . . x^'—Sx. 
Therefore — i +A-''=5';r— 5 ; 

Or Szz "^ ^zjiim required, 

X — I 

jfnd, *when x is a preper froMion^ the fum of the 
feriesy continued ad infinitum, may be found in the fame 
manner. 

Thus, i+A-+**+;r*+x*, y^-. =:A 
Jnd A^+**+*'+jr*+A'^, Wf. :=iSx. 
Therefore — 1 rr Sx — S ; or S^^Sx::: i . 

Whence S =: , zz fum of an infinite number of 
i-^x 

terms, as required. 

5. Required the fum (5) of the circulating deci- 
mal •ppppppj &c. continued ad infinitum. 

Firft, .999999, yf.=i.+ J-+_2_+_2_^<:. 

10 100 1000 iOOOO 

=9X :i.+-L+_L.+_L_{«rf. =5. 

10 100 1000 IOOOO 

Or, ±+_L+ _!_+-!_. fcfr. =i.. , 
10 100 1000 IOOOO. 9 

Therefore, i + — 1 1 , cff.— . 

10 100 1000 9 

And, I n — — =:— • 

9 9 9 
Whence B'Tlizz fum required. 



6 . Req uired the fum (5) of the ieries «*+«+^|* 

+^+2</l*+«+3^*+«+4^% &c. continued to h 
terms. 






Therefore^ Szzm 
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^T3\^=za^+2Xiai^+ id 
a+2^^=ia^-^2X2ad+ ^d 

Sum ofn terms of f+T+T+TTl^ 

X«* 
+ . . . ^ttc ^0+1 + 2 + 3, ^^' 

X2«/^ 

+ . . . . ditto o/'o-^i4-'44.9, fc?f^ 
L ^/* 

z)///p e/^o+i+24.3,yf.=:liliz:i 

1x2 ^^ 

And ditto of a+ 1 +4+9, £-fc. -. »Xg— iX2»— i 

^W^^Z=«Xa*+/rX«^ X <?i/+ «X«— i.X2«~.i 

1X2X 3 

nd^Xft—i X2g— 1_ 



X^*=na^ + nad X»^l +: 
required^ 



1X2X3 



zzjkm 



7. Req uir ed the fumJ5) of the fcries <iH^+^/* 

4•^+24^P+«+34'+«+4^^ &c. continued to » 
^ terms. 

g+^P =^H3XitfV-f3X i«^*+ 1^3 
£+27l^=:tfH3X2tfV+3X W*+ 8i/» 
^+3«l'=^^+3X3iTV+3X 9^?^*-f27</5 
tf +43)^z:«H3 X4^»V+3 X i6^</*+6V'* 

Pi 
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Sum ofn ternfsof I •+ 1 + 1 + 1, Wr* 

+ . . . JitU c/* 0+1 + 2 + 3, ^r, 

rhtnfori, S- \ ^ 3«*-^ ^ 

•^ ^ + . . . ^/«« ^0+1+4+9, ^r. 

. X3^4f* _^ 

+ . . . ditto ^o+i + 8 + 27,^ri 

mtti^ . . . 0/0+1+2+3, ^czzZ^i^nl 

I X2 



Z)///^ . . . e/'o+i+4+9,fc^f. = iiiziL2if;-i 

1x2x3 

2)///^ . . . g/ 0+ 1 + 8 + 27, £5fg; a= "^"^/^V*" "^ 

WTA O^ 3,»X»— IX 3flV - 



zxz 



I X2 



WX«-- I X2«— ! X3^//* , »*^2ff^ + »*X^' ^ 

1X2X3 2X^ "^ 

required^ 



8. Required the fum (.9) of » terms of the ferieai 
1+3 + 7+^5 + 3^^'^. 

T'^^ terms of thh fries are e'videnily equal to l. 



1+2, 1 + 2 + 4, 1 + 2 + 4+8, ^f. or the fuccij[Ji'V€ 
Jums of the geometrical progrejjion i, 2, 4, 8, 16, &»'r. 

Lety therefore, azni, and rzuZy and ive Jhall ha^ve 
a+ar+ar^+ar^+ar^t^c. =1 + 2 + 4+8+ i6,^V.. 

But thefums of i, jz, 3, .4, 5^r. /<rr/«/ of this ferie^^ 
are 
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3 
4 



r— I "" r— -1 



znr^—l X ■ 

r — I r— I 

=^3 — IX 



r — I 



r — ^I 
a 



n^-^i X 
r— r r— 'I 



^«/ I + 1 + I + I, ^f. = n 



Jftdr+r^'+r^'i-r^y^c. zrr"— iX 



r— 1 



Whence S^r'' — i X n X = /um nquWed, 



9~. Required the fum (.S) of ;ir/ terms of the feries 

-i- 4-^4: ^4.-14-^, &c. the terms of which arc 
I ^ 2 ^ 4^ 8^16 

t2ie fucceffive fums of the geometrical progreflioa 

I. 2 4 o 10 



a a a' ^ 



Let azui- and rzzz, therfnxfilla -f -*. _j. —* j^<^ ^ 



r r' r 



r> 



I ^ 2 ^4^ 8 ^16 
J^ut the fums of I, Zy ^, ^f k^c, terms of this feries 
are 



pj 
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3 



r — iXa — r- a 



.'•— 


■1 X I 


r — 


1 

r 


r — -I 


r^- 


-1 Xa 


a 


r - 


-iXr 




r^- 


-f Xa_^ 


r— 


I 


■X 


r — 


I X r* 



r* — I X/i- I 



a 



^heref^re S 



/-—I Xr^ 



=-4- 



r- r— I 



terms ^/"r+r-pr+'r, fsfr- 



.1 



I 



nterms of^ -j — | ji _ , ^n . * 

I r r^ r^ 

But r-^r+r-^r, ^c. n nr, 



1 ^ r ^r* r^ r— iXr"* 

a f^ " 1 
Whence S ^z . X »r— — r= /5<» required^ 



lo. To find the fum (^S) of the infinite ferics o^* 



the reciprocals of the triangular numbers, — 4*— 



3- 



+ 



6 ^ 10 



Let—JjL^^ Ai 1 ,4, , feVi tid infinitum =: i^; 

1 • 3 6 icr 



Or, 



I I I ffcf 



+— + 



I.I 1.3 2.3 2.5 . 

then J.+ J-+^-L+-L esfr. 
1 .2 2 .3 j.4 4.5 






2* 



III r .1 I .1 jL,eff.. =£: 



q hath J -— 1+.: -4.W 

1^23344^ 5. 



■1^ 



5.U M MA TTO N O F' SEltrE^S. 1^3 ; 



Q/^r 



I I I I 

I 2 3. 4 5 
I I I 



2 



-- .i. esfr. f ■" ^ 
4 5 -^ 



U^henciy — ir-T— ; w Szzzzz /um requiredi 



1 1. To find the fum of ». terms of tlie ^ent^^ 



1 3 6 * 10 15 



I 



Let ariz j^ - — u f ^ — , 05 c, to^-^ 

12345 » 

1^345 « 

^Wx— J.4,_L.:-:i-4.JL+i.+-LbV./^.JL- 



• Let S n fum of an infinite, nmnber of .terms; and 5::z 
film -of n terms. 

Then r^tformttla for the ftims of thfe reciprocals of .fi^wate- 
numbers may be exhibited as follows : 

I I 1 I c* - — 

—J I \. — , Qrtf.z:i.oo rr ». 

Ill 

a 3 4 

1 I ifij) 2 31 4 r 



'4 



3 

I 

4— + 

4 IQ- 20 



6 10 



« + I 



1.2 



2 z a /» — 1.« — i 
I , 1 . I 1 crf 4 4 4 i»2.i 



5 *S 35 

fife* 



3 3 3 »4-,i.«4'2.« + 3 
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Therefore i L.=::I^.i^.I +± ^c. to i 



1 »+l 2 6 12 20 ft «-irI 

Or, n-+. + — Jr— C5f . /o — r — - . 

«+ 1 2. 6 12 20 ;^.„+l 



«+i I 3 6 10 „,„^i 

Or, -j-l-i-f 4.JL_lJ- ^r. /« — 1 — {or n termsy\ 

1 3 6 10 15 ».»4tI 

2» - • »•■ ■ 

rz 'n fum required^ 

1 2. Required the fum of the iji€nite feries^ — I — 

1.2,3; 

^•3-4 3.'4-S 4-5*6 

Letx'iz — L.-4.--1- -1— , Gf r . cLd infinitums 
12345 

9r>^^» % — .-zz — j 1 J- -> ^^' 4h tran/pofitiom 

12 3 4 5' 

-<i^^ 1 =r L 1- 1 , y^, by fubtraQiom. 

1.2 2.3 3.4 4.5. 

Qr I — -= L— L4. -L-f:-JL, feff. ^ troTtfpoJttiom. 

2 2.3 3.4 4.5 5.6 

jlnd -.^,,3 L ? , J y^, by fubtraQiom 

2 1.4.3 2.9.4 3-»6-5 

n 1 2.2 2 . 2 r^ 

2 1.2.3. 2.3.4 3.4.5 4.5.6 

Whence ' -:-2 rr l 1 1- — — , l^c; 

2' 1.2.3 2.3.4 3-4^5 4'5-6 

1.2.3 2.3,4 3*4.5 4;5-o ^ 

.- rr y^« required %. 
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n. To find the fum of » terms of the feries - 

^•3-4 I'^'S ^-S-^^ 

1.2 2.3 3.4 - ».ff+l 

7iJ<;^ « -.,1= J-+ J-+ JL, {^r. /^ -=!=. 
i 2 2.3 3^. 4.5 ^,;^^, 

2' )x-(-i.»-f 2 i.3 3.4 4.5 



«-^- i,n-{-z 

Therefore I ^' ^^ _L, r .,^-4..^-, tfr* 

2 «4-i.»4-2 1.2.3 2.3.4 34'S, 
{continued to n terms) by fuhtra&ion^ 

4 2.»H^i.»4-2 1.2.3 2.3.4 3'4*S 

{continued to n tern^) by diviji.on* 

And c^nfefuendy y u, 1 4. . ■■-a, , £2^f. ^^ «- 

1.2.3 2.3.4 3^^'5 

terms-zi^ _ - ^-r-. = -/^^ required. 

4 2.w4-4.«-f 2 

I 1 I 

14. Required the fum (S) of theferies — ^ +5"^ 

2 4- 

,s-, &c». ccmtinued cd infinitum* 

I , «. »L 



Let »zz^ and S^zz 



2 i-f-*" 

Zi^tf* -f-iTA'— ;c*4- a:^ —A'* 4.^:5, ^STf * 
l4-;r 
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=i 






rr^r-f o +o +o 4-0 , isTc. 
therefore xzzx, 

J»iix'^x*'i'X^^x*+x^,i^c. n:-JL. 

required* 

1 5 .. Required the fum of the infinite feries ' -i. - 4. 

a 4 

1+4+ -*^c- 
8^16^32 

Z^/ x:rl, and ^=«£- »; 



"~ C 1— 2Af -f Af* 

— 2;v* — 4Jf' — 6jf^, ^f. 



x-{- 0+ 0+ o, ^r. 
therefore jtizk. 

^«d^;c+2;r*+3;if' + 4Jc*+5;^^>5ffr. =r^ 



r 
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Or i+*+|++^.l.,&c. = _i-» = 2 =/«««- 



2 4 8 16 32 i«.^, 

quired, 

16. Required the fum {S) of the infinite feries 

3 9^27^81 

Let xzz -, «»^ _ ■ . ^^zS, 
3 r=a 



nSiV+Af*, A/ ay/7/ ^^ found by aBual multiplication* 
Therefore X'{'X*zz%, 



And confe^uently x-^-^'^-^-^x^-^'X^k^^ ^c. =:^X_i+* 



i"^5 



3 9 27 81 1— ^p 2 

required. 

17. Required the fum (^) of the infinite feries 

i+f±f +l±£f +f±lf, &c. 
^ mr mr^ mr^ 



Z^/ ;r=«, and S 



err « ^ tf+^ tf+2</ «+^^e-^ 

fttT I -^A"! ** ^'' ^'" ^'' 

Or _f_.=«+f±f+l±£f+f±ii &rr. 
i^ r T* r* 
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rzi— iX^X^+^/A*, iw «wiU appear by aSiual multiplr* 
cation. 

Therefore xzz i ^^^^x Xt? + dx^ 

And con/equently — j.fLi--(-flt — , l^i. zSi 



m ' mr mr^ 



I'—xy^aA'dx f t 
_t : — zr jum required. 



EXAMPLES FOR PRACTtCEt 

t. To find the Aim of n terms of thd feries «4" 



tf^W+«— 2</4-fl— 3</+<p-*4i/, &c 



^^ ^ X 2^1 — ^« — I X d. 

2 

2. Required the fam of the infinite feries a-^-da 
'i'd^a+d^a+d^a, &c» where d is a proper fradlion. 



3» To find the fum of the infinite feries i + 2^x+ 

-«v* ■■■ * ■ ^A 



1 — x\ 

4. Required the fam of the infinite feries 1 + 3* 

5. Required the fum of the infinite feries 1+4;^ 
+ io**+20Af3+35AP*, &c. ^ . I 

I— ;r| 

6. Required the fum of the infinite feries JL ^ 



3*5 5-7 7-9 3 
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^ 7. Rehired the fum of 40 terms of the fcries 
I X 2 + 3X4+5x6+6x7, &c. ^»/ 229610. 

8. Required the fum of the infinite feries ■ i>. 

1.2.3.4. 

<+ II I II .1 t » > &C« Jj/t/» ~m. 9 

2.3.4.5 3*4*5'^ ^^ 

9. Required the fum of m terms of the feries 
^ . 1 . > *^ 

— + f. -:» «C.. 

1.2.3.4 2.3.4.5 3-4-S-6 



18 3.«+i.»+2.»+3 

to. Required the: Aiin of ^ teems of theieries -L 

r 

.2^4.'-- : 

^ ' I— /Xr «/ , • .1. 

^nf, » !■ I ■ ■ „. > ■■ « * y ntolwt pirz^""^, 
r— il*. . '^ * r 

11. Required the fum of the ferie* JL 4. JL +. 

i 1.4 ^ a.c ^ 
.1,1^ X.-. . T . ? . 

30 4-7 «X3 + « 

J'lfir. 5 + 3« i:t+6/r 27+9^ 

12. Required the fum of the feries -i- 4 -L + 

r ■« ...'•■ .. - 2.6 • 4.8 ^ 

o-io ;?»4+2« . ' ,„, 

16 32+48«+ife* 
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13. Required tKc Cam of the fcrics Ji. -I l 

4.8 6.10 

' .. &c., ' 



B.I 2 2-f2».6-t-2ll 

48 i6-fi6« 364* 24* 

14. Reqoired the fam of the feries JL j..^ 4. 
• 3.8^6.12^ 



9.16 I2.2Q 3«.44-4» 



W/ r=:L,*=. 



12 l2-fl2« 

* ic«^ Required the fum of the feries -■ ' .. 

2.6.4.5 



■ +— J_-,&c. 



4.8.5.6 6.10.6.7 2iy.4-f2«.3-f»*4-f A 



"S* H 4.i + » 8.2 + « 



ii.3-f» i6,4-4» 



* A great variety of feries, of difTerent forms> maj be fourd 
Sd other authors ; but thofe which are here (lyen wiU be fuf- 
ficient for the leamer^s prad^lce. 

The names of the principal authors, who have written upoo 
this fubjedl, are as follow : 

Archimedes i Arabes; D*Alembert; Barrow f Brig^$ Ni« 
cholas, Danidy John and James EemouUt $ Fcrmat ; De Car- 
tes; Clairaut; Condercat; Cotes; Dodfonj Elder $ EmeHbd; 
Fagnacus^ LeGrai^j Goldbach; Gregory; Halley; Har- 
riot; Huddens; Hnygens; Hutton; Kepler; Keif; Landen; 
Mac Laurtn ; De Lagney ; l«ibnitz ; Lorgna ; Lucas de Bur- 
go ; Manfred! ; Monmort ; De Moivre ; Montono ; Nichole ; 
Newton; Oughtred) Riccati; Regnald; Saottderfon; Ster« 
lin^; Slufius; Simpfon; Brook Taylor; Varigpon; Vieu; 
* WaUis; Waring; *c« 



' 
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OF LOGARITHMS*. 

Logarithms a^e n ambers fo contrived and adapted 
to other n ambers, that the fams and diiFerences of 
the former ihali correfpond to, and fhew, the pro* 
duds and quotients of the latter. 

Or, more generally, logarithms are the numerical 
exponents of ratios ; or a feries of numbers in arith- 
metical progre£ion, an f Bering to anothe£ feries of 
* numbers in geometrical progreilion. 

q-, Co. I. 2. 3. 4. 5. Indices, or logarithms* 

\ 1.2. 4. 8. 16. 32. Geometric progreffion, 
^ (0.1.2. 3. 4* 5. Indices y or logarithms. 

\ !► 3. 9. 27. 8i. 243. Geometric progreffion, 
^ j O. 1. 2. 3. 4. ^, Irtd,orlog, • 

^ \i. 10. 100. 1000. 1 0000. 1 00000. Geo, prog., 
i^c. 

And, from hence, it is evident, that there may be 
as many kinds of indices, or logarithms, as there 
can be taken different kinds of geometric feries ; 
and that in any fyftem, or table, of logarithmi 
whatever, the logarithm* of unity, or i, will be 
nothing. 



• The invention of logarithms is the undoubted right of 
Lord Neper, Baron of Merchifion, in Scotland, and is properly 
confidered as one of th: moft ufcful and excellent difcoveries" 
of modern times. A table of thefe numbers was iirfl pablifh- 
ed by him at Edinburgh, anno 16 14, in a treatife entitled 
Canm Mirifitum Logartthmorum ; and as their great utility and' 
exteniive application, were fufficiently apparent, they we^e 
immediately received by all the learned throughout ^orope. 
Mr. Hinry Briggs, Savi/'uin Profcffor of Geometry at 0xfw4% 



I 
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It is, alfo, apparent, from the nature of thefe 
feries, that, if any two indices be added together, 
their fiiin will be the index of that number which is 
equal to the produdl of the two terms, in the geo- 
metic progreffien, to which thofe indices belong. 

Thus, the indites 2 and 3, heing added together, are 

:=:5 ; and the numbers 4 and 8, or the terms corre- 

/ponding «with thofi indices ^ being multiplied together, 

are 1=32, luhicb is the number an/nvering to the iu^ 

dex^. 

And, in like manner, if any one index be Tub* 
traced from another, the difference will be the 
index of that number which is equal to the quotient 
of the two terms to which thoie indices beloi^. 

nus the index 6, minus the index 4, is :z:2 ; ^»d 
the terms corre/ponding to thofe indices are 64 and i6» 
fwho/e quotient is :z:^ ; ^'hich is the number -anfivtring 
to the index 2^ 



i^-MP 



iipon hearmg of the ^if^^ovtry, fet oat on ft vifit to the noblQ 
inventor, and ibon afterwards they jointly undertook the ardu- 
ous tafk of computing new tables upon this fubjedl, and re« 
ducing them to a more convenient form than that which was 
at firA thought of. But Lord Neper dying before they were 
ihii/hed, tlie whole burden w^s laid upon Mr. Briggs, who 
with prodigious labour, and great ikill, made an entire Caiton, 
according to the new form, for all numbers from i to 20000, 
and from 9000 to loiooo, to 14 places of figures, and pub>' 
Ijihed it at London in the year 1624, in a tre^^fe entitled jiriPb- 
metUa L^garithmicaf with dire^ions for Supplying the interme- 
diate ehil'iadi. 

This Caiwn was again publiihed in Holland, by Adrian VUcq, 
anno 1628, together with the logarithms of aU the numberi 
which Mr. Briggs had omitted ; but he continued them only 
to 10 places of decimals. Mr. Briggs alf» computed the loga- 
rithms of the figns, tangents and/ecants, to every degree, and 
.| |.^. part of a d^fiee of the whole quadrant j and fubjolned 
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For the fame reafon, if the logarithm of any num- 
ber be multiplied by the indftx of its power, the 
produfl will be equal to the logarithm of that 
power. 

7^»j, the index, or logarithm of 4, in the above 
feries, is 2 ; and if this number be multiplied by 3, the 
produS 'will he =:6 ; 'which is the logarithm ^04, or 
the third ponver of 4. 

And, if the logarithm of any number be divided 
by the index of its root, the quotient will be equal 
to the logarithm of that root. 

Thus the index y or logarithm of6\. is 6 ; and if this 
number he ditnded by 2, the quotient 'will be zz^ ; 
nvhich is the logarithm ofZy or the fquare root of 6/^* 

The logarithms moft convenient for pra^ice are 
fuch as are adopted to a geometric ferics increafing 



them to the natural figns, tangents md ieeants, which he 
had before computed to 15 places of figures. And thefe tables, 
together with thor confhii^Hon and uie, wereiirft-pttbliftied 
in the year 1633, after Mr. Briggs*s death, by Mr. Hetiry 
Cefffirand, under the t!tle of Trig^nomttr'ta Britannlea, 

Btffjamin Urfinus has alfo given us a table of logarithms t<^ 
every 10 feconds. And Mr. H^ctf, in his Mathematical LexicWf 
fays, that one Van L^fer had computed them to every Angle 
fecond ; but his untinKly death prevented their publication. 

A great number of other authon have treated of this fub* 
jeA, but as their numbers are frequently inaccurate, and in- ^ 
commodioufly difpofed, tbqr are now generally negleded. The 
tables in moft repute at prefent, arc thofe of Gardiner in 4to, 
firft printed in the year 174a, and Skerwinm 8vo, firft prmted 
in the year 1705> where the logarithms of all numbers may be 
cafily found from i to io6ocdo6 ; and thofe of the figns, tan* 
gents, and fecants, to any degree of accuracy required. 

DodforCs Ant'thgarkhmic Canon is likewife a very ingenious 
work, and is of great ufe for finding the numbers aofweri^ 
to any given logarithms. - « 
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in a tenfold proportion^ as in the lafl of the afeore 
examples ; and are thofe which are to be founds at 
prefent, in moft of the common tables upon this 
fttbjca. ^ 

And the diftingaifliing mark of this fyftem of lo- 
garithms is> that the index^ or logarithm, of i is o ; 
that of io> I ; that of ioo« 2 ; that of 1000^ $, Sec. 
And^ from hence it follows, that the logarithm of 
any number between i and 10 muft be o and fome 
fractional parts; and that of a number between fo 
and 100 will be 1 and fome fi*adional parts; and fo 
on for any other number whatever. 

And fmce the integral part of a logarithm is al- 
ways thus readily found, it is ufually called the 
in^ex, or chara£lerifiic% and is commonly omitted in 
the tables ; being left to be fupplied by the operator 
lumfelf> as occaSon requires. 



Of thb making of LOGARITHMS, 

Whatever arithmetical progrefHon we apply to a 
^ometrical one, the terms of it are logarithms-only to 
•that feriesr to which we apply them, and anfwer the 
end propofed only for thofe particular numbers ; io 
that if we had logarithms adapted only to particular 
geometrical feries, they would be but of little ufe. 
The great end and defign of logarithms is the eafe 
and expedition they afford in long calculations, by 
faving the laborious .wiork of «i«///^//V^/«a, diiAfion^ 
and the exira&hn ofrogts ; but this end would nev^r 
be completely anfwered, unl^fs logarithms could be 
adapted to the whole fyftcm of numbers, i, 2, 3, 4^ 
' &€. And as here lay th^ excellence and merit of the 
contrivance> fo alfo the dilHculty. Fx)r-the natoml 
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fyflem of numbers, i> 2, 3, 4, &c. b^ing an arith- 
oieticaly and not a geometrical feries, feems rather 
£t to be made logarithms of> than to have logarithms 
applied to it. Yet this diiHculty may be eaiily 
rem ovedj byconiidcring. 

That though the whole fyftem of natural numbers^ 
I, 2, 3> 4« &c. makes not one geometrical feries, 
and cannot, by any means, be brought within fuch 
a feries of determinate numbers, yet they may be 
brought fo near to it, as to be within any ailignable 
degree of approximation; which may be conc^ived> 
in general, thus: Suppofe a fraction indefinitely 
fmall to be reprefcuited by Xy and a geometrical 
feries arifing from i, in the ratio of i to \-\-x, to 

be I, i+;e|', i-fAp, i-fA:)^ i+aI*, &c. Then muft 
ibme of thefe terms come indefinitely near to coincide 
with all the natural numbers, i, 2, 3> 4, &c. ; bf- 
cauie amongft numbers that arife by indefinitely 
fmall increments, fome of them muft exceed, or fall 
fhort, of any determinate number, by an indefinitely 
little excefe or defe«Sl. 

\i, therefore, in the places of the terms of this 
feries, that do approach indefinitely near to any of 
the natural numbers, we fuppofe thefe natural num*- 
bers themfelves to be fubilituted, then will the feries 
be a geometrical progreilion, to an exadlnefs that , 
may be called indefimte \ becaufe the approximation 
of its terms to the natural numbers, can never end> 
but goes on in infinitum.' 

And fmcc this imagined geometric feries compre- 
hends, indefinitely near, the whole fyflem of natu- 
ral numbers, 1, 2, 3, 4> &c. fo the indices of its 
terms comprehend a whole fyflem of logarithms, 
which are adapted to this fyflem of numbers, and may . 
be extended to any length we pleafe. For though the 
natural fyftem of numbers make not, by themielves> 
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a complete geometrical Teiies, yet they are conceived 
as a part of Aich a feries, and their logarithms aie 
the indices of their diilances from unity in that 
feriss ; or, more generally, they are the correfpond- 
ing terms of an arithmetical feries applied to that 
geometrical one. 

But, again, it rnuft be obferved, that an indefi- 
nitely fmall fra^ion cannot be ailigned ; and, there-^ 
fore, in the adual conflrudlion of logarithms, we 
muft be contented with a determinate degree cf 
approximation. Whence, accordingly as we take 

», fo in the feries 1, i+Jf*, i +*:[*, I+A^^ TT^*> 
&c. the approximation cf its terms to the natural 
numbers will be in different degrees of exaftnefs i 
for the lefs x is, the nearer will be the approxima- 
tion ; but then the more are the number of involu- 
ttons of 1 +pr, neccffary to come within any deter- 
minate degree of nearnefs to the natural number 
aifigned. 

Thus then we may conceive the poflibility of 
making logarithms to all the natural numbers, 1, 
2, 3, 4, Sec. to any determinate degree of exadlnefs ; 
viz. by ailigning a very fmall fra^ion for x, and 
squally raifing a feries, in the ratio of i to i -fx,. 
and taking for the natural numbers fuch terms of 
that feries as are the neareft to then^, and their in- 
dices for the logarithms. But then, to conilru^ 
logarithms in this manner, to fuch an extent of 
numbers, and degree of exadlnefs, as would be 
neceHary to make them of any confideraWe ufe, i& 
next to impoffib!e, becauie of the almoft infinite- 
labour and time it would require. This, however, 
is an int^rodudlion for underllanding the method of 
the ncMe iifventor, who undoubtedly firft took the- 
hint of making logarithms from the confideration 
of the iadices of a geometrical feries ^ and by meaiu 
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f>f the pnncijples and known properties of thefe pro- 
grelTionSj he iirft formed his tables, and adapted 
them to the pradllcal purpofes intended. 

P R O B L E M I. 

T'o find the leigarithm of any of the natural num- 
hen, I, 2, 3, 49 yr, auordtng to the method of 
Neper, 

RULE. 

I* Take the geometrical feries, i, to, ioo> icoo^ 
1 0000, &c. and apply to it the arithmetical ferie^ 
I, 2, 3, 4, 5, &c, as logarithms. 

z* Find a geometric mean between 1 and 10, ip 
and 100, or any other two adjacent terms of the 
leries betwixt which the fiumber propofed lies. 

3. Between the mean, thus found, <and the near* 
eA extreme, £nd another geometrical mean, in the 
fame maimer ; and 4b on, till you are arrived within 
the propofed limit of the number whofe logarithm 
is fought. 

4. Find as many aritkinedcal means, in the fame 
order as you found the geometrical ones, and the 
laft of thefe will be the logarldini anfwering to the 
number required. 

E X A M P ^JL B : 

Let it be required to ifind the logarithm of 9. 
Here the numbers hefween luhich 9 lies are i and lO* 
Firfif then, the log. of 10 is i, and the log. of i is o^ 

therefore .jL^zz.^ is the arithmetical mean. And 



V^i X 10 r= \/io = 3.1622777 =: geometric meetni 
ivhence the logarithm ^3. 1622777//. 5. 
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SecM^Ij, the log, cf lO // i> amJ the log. tf 

3.1622777 w .5; therefore "'"'^rr.75 ir arithmetic 

2 

eal tnean. And \/io X 3.1622777 = 5.6234132 = 
geometric mean ; nvhence the log. ^5.6234132 is .75. 
Thirdly, the log, of 10 f> i, and the log, of 

5.6234132 // .75 5 therefore LjlIZ£=:.875 = arith- 



metical mean. And \/ 1 o. X 5 .6234 1 3 2 =7 .49 8942 1 
zz geometric mean i ^whence the log. of 7.4989421 // 
•87 c. 

fcurthlj, the. log. of 10 is i, and the log. of 

7.4989421 is .875; therefor el^LLll = .9375 = 



arithmetical mean, And»/io X 7.4989421=8. 6596431 
^^ geometric mean I avhence the log, of 8.6596431 is 

•9375- 

Fifthly^ the log. of 10 is 1, and the log, of 

8.6596431 is .9375; therefore "*"'^^^? =: .96875 



rr arithmetical mean. And \/ 10x8.6596431 r= 
9.3057204 ::z geometric mean; *uthemce the log, of 
9.3057204 // .06875. 

Sixthly, the Jog. £^8.6596431 is .9375, andthelog\ 

e/'9.3057204 is .96875 ; therefore '9375-f 96875 _ 

*9 5 3 ' ^5 ^= arithmetical me an. And 
V'S. 659643 1 X 9. 3057204 = 8.9768713 = geometric 
mean ; whence the log, of 8.97687 1 3 is .953 1 25. 
* And, proceeding in this manner, after 25 extroBions^ 
the logarithm of 8.9999998 ay/?/ he found to be 
•9542425 ; tvhich may be taken for the logarithm of^^ 
hecaufe it differs from it only by -^or^^-rcj and is there* 
fore fufficiently exa&for all pra&ical purfofes. 
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And in the /ami metmer the logarithms of ahnoft all 
the prime numbers nuere found \ a <work fo incredibly 
laborious f that the unremitted induftry of fe*veral years 
*wasfcarcely/ufficientfor its accomflijtmeftt. 



PROBLEM IL 



To determine the hyperbolic logarithm (£) of any 
gi*uen number (AT). 

The hyperbolic logarithm of any number^ is the 
index of that term of the logarithmic progreflion* 
agreeing with the propofed number, multiplied 
by the excefs of the common ratio above unity. 



Let, therefore, i +^1'' be that term of the loga- 



rithmic progreffion, I, I +;(f.*, I -f^S i+a]^, i+x\*» 
Sec. whith IS equal to the required number (N). 

Then will T^^zzN, and i+xzzN^; and if 

1 4jr be put r= N, and m zz — , we fliall have i-^x 

n 

2 2 

3 

m^^ I 
And, conieqnently, xnM^r-fMX— j* -f « X 

2 

X- y^t &c. where m being rejeded in the 

* 3 

factors m-^if m— 2, in— 3, &c. as being indefinitely 

fmall in comparifon of 1, 2, 3, &c. the equation will 

a 3 4 



( 



J 
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&c« rz hyperbolic logarithm o£N, as was required. 

- PROBLEM Iir. 

Tifi hyperbolic logarithm {L) of a number being gi^ven^ 
t9 find the number {If) it/elf anjhvering thereto. 

Let i^x\^ be that term of the logarithmic pro- 

grejfion, i, i+*j', i+*J*, i-f*l'> H^S &c. 
which is equal to the required number N> 

Then, becaofe 1 -fjt]'' is uiiiverfally s:i+«;ir+« 

x!^**+« X^mi x^^^*', &c. we fhall alfo have 
2 * 3 



1 + «jc+« xi::ilijr*+>»x!!:iix2llf V, &c. =: a^. 

But becauie 0, ffom the nature ojf logarithms, is 
here fuppofed indefinitely great, it is evident that 
the numbers connected to it by the fign — , may all 
be reje^ed, as far as any afligned number of terms, 
being indefinitely fmall in comparifon of «• 
• Therefore, by throwing out i, 2, 3, &c. from thtf 

favors fZL, !^ZI-, !Llll, &c. we (haQ have 1 -^nx^ 
2,3 4 

J I. 1 , «c. r:A^ 

2 2.3 2.3.4 

But nx (=^Z) is the hyperbolic logarithm of T+7)% 
or Nf by what has been before (pecified ; and there- 

fore 1+Z. + — Y h > ^c» = iV^zi number re- 

2 2.^ 2.^.4 

^ttxfed. 

P R O B L E M IV. 

To determine -the hyperbolic logarithm (Z) of €nr^ 
fi^ea number {N), by an univerfaliy con*vergingferiet. 



' The fenw ji^:^+ Zj^4JU^ &c. . -is. the moll .1 

cafy and tiiatural that Gan b^obtaiHeid f-biat^ ^n- 4^^ 

termining the logarithms of large numbeVs, it is but 
of little ufe, fince'. In all fu'ch cafes, it* 'div6rg.es "^in- * 
ftead of converging. ' ' . ,^* '^ 

Let, therefore, the njiimb^r whofe togari*thm' >dU 

would iind»: be dejwted iiy^i^andaHirtet i^^" ^ 

i'—^v 

be -the term of' the logarithtoic progrelfidh agrecibe^ 
with the propofed number. < f 

Then i-f^pzr- . or i+;r=:== 

ri^"^" z= I^*- (by putting «=-±J-,j_^^, 

And, if « be rejefted in the faftors'^^i^ m^2, 
jw— 5, as beibre, our- equation will become i+xz^ 

hypeAohc logarithm «f .,^ ; whjcl) feries, , it is c 
mani/eft, will co^nfta«tl/ converge, let. the value of 

efs than unity. . • • 
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OF LOGARJTHMS. 



Of the method of usino.^a ta.ai<s of 

LOG-A R I T ITM S.'! - 

Having explained the method of xn^ing a t^l^Ie 
of the logarithms of numbers greater than onity> 
the.acjct thing to be done is, to ihcw how the loga- 
rithms of fradional quantities may be founds And, 
in order to this, it may ^e obferved, that as .we 
, have hitherto fuppofed a geoiBetric.rcries tot^incre^fe 
. from an unit on the right hand, {o we may, now 
fuppofe it to decreafe from an unit towards the left ;. 
and the indices, in this cafe, being made negative^ 
will Hill exhibit the logarithms of the terms to which 
they belong. 

TAus, Leg. -^3 —2 —1 o +1 +2 +3, &c» 
iViwt.TTit.Tj riry Tc » lo lOO lOoo, fcfr. 

Where -f^ '^ the logarithm ef io> «W— I the loga* 
rithm of -^-^^ . + 2 tbt logarithm of loo, and —2 the 
► logarithm of -i\^i ^c. 

And from hence it appears, that all numbers^ 
confiding of the fame figures, whether they be in- 
tegral, fraftional, or mixed, will have the decimal 
parts of their logarithms the fame. 

Thus^ the logarithm of ^%i^ being 3.7j6893^9, tht 
logarithms of ^-Qy -j^^, t^tj* ^c, fart of it'^Ul.h 
he as foUowi .; , 



l^um. 

5874 

5 87-4 

5 8.7 4 
5.874 

•5874 
.05874 

•o o { 8 7 4 



Logarithms. 

3.7689339 
2.76893 39 
1.7689339 

0-7^^9 33 9 
•I-7.6893 3 9 

2.7689339 
•3-79^9339 
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Prom thii it alfo appears, that the indexi or cha-* 
roBeriftic^ of any logarithm, is always one Icfs than 
the number of figures which the natural number 
coniifls of; and this index is conilantly to be placed 
on the left hand of the decimal part of the loga- 
rithm^ 

When there are integers in the given nnmber, 
the index is always aiHrmative ; but when there are 
no integers, the inde^ is negative, and is to be 
marked by a line drawn before it, like a negative 
quantity in algebra. 

Thus^ a number ba'uing i, 2> 3, 4> 5» VSc integer 
places. 

The index of its tog, is o, i, 2, 3, 4, &C* 

And a f ration beeving- a digit in t be place of primes, 
jgeonds^ tbirds^ fmrtbs, &ff . 
f be index of its hgaritbm «will be ^-l, — 2^ — 3j 

h may alfo ht obferved, that though the indices 
of fradional quantities are negative, yet the decihiiA 
parts of their logarithms > are sdways affimiative ; and 
all operations are performed by th^m, in. the fame 
manner aa by negative ami affirmative quantities in. 
algebra. 

In taking out of a table the logarithm of any 
nmber, not exceeding looop, we have the 4iecimal< 
part by iiiipe^osi; and if to this the proper charac- 
tei iftic be affixed, it will give the complete loga- 
rithm required'4*. 

But if the number, whdfelogarit&m is'Teqaired, 
be above loooo, then find the logarithm of Uie.tiVO' 
neareft hambers.tp.it, that can befpnod iatfae tables* 
and iav, ^..their diffierence.: the^iiffierencc «f* their 
logarithms : : the difference between the neareft nimi'^ 
ber and that whoft logarithm is required T the dif- 

R3 
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ference of their logarithms, n.^arfy; and tjii^.iir. 
fereace being added to, or fubtiadled from, the . 
neareft logarithm, according as it is greater or lefs 
than the required one, will give the logarithm re- 
quired, Jteojiy*. 

Thus, let it be required to find the logarithm of 
367182. 

The decimal fart of 367 1 //, hy • the tabic 
.5647844; and of 3672 is .5649027 j 

The \ 367100 is 5.5647844 \ 



H' ^f 1 367200 // 5-5^'490^7 J 

Tbtir iUff^ 100 .0001183 dtjf. 

Neareft N^ C 367200 
'' * iii'ven iV^M 367182 



. 18 dif. 

Therifbre iCO : .0001183 :: 18 :- .0000212, 
j^nd 5 . 5 64902 7 — . 00602 1 2;z; 5 .5^48 815^ lo^a- 
rifhm of 367182 nearly. 

*• If the Httmber confifts both of ihtegfers and frac- 
lions,- 0r is entirely fra^ional," ^tk^ the decimal 
^rt of ihe iogaHthni as if all it's figures were inte- 
gral 5 arfd tbisy b'eiWg preroced to the proper charac- 
teriftic, will give the. logarithm /equired. 



•«■» 



9 » 

* Tbl$ oaethoid beii^g i6»ui|t|e4 on the rii|)pofit!on, thiri: tb^ 

logarithois of all numbeis between 2^7100 and 367200, in- 

creafe,' or decreafe, equally, according to their difta^e from' 

3^7100 or J 67200, is not ftrid^ly.^nig, but nearly foj and the 

gpcatcf arty mimbers are with re^e^ ^9 their difference, th* 

nearer will ttifleTdifferences be proportional. And, therefore,^- 

thqngh this fwifl net give the! exaft %arithm, yet It will be' 

aiiSinr nBar;approQcinUtSoti^ a^ !• "ftilficiently exa^ £^ moft^ 



OF LOGARITHMS. 1^7 

To find the logarithm of a proper frsuSthon -; fubr 
tradt the logarithm of the denominator flrofn the 
logarithm of the numerator^ and the remainder will 
be the logarithm fought ; which^ being that of » 
decimal fradtion^ muil always have a negative' 
index. ^ 

And to find the logarithm of a nuxcd number^^ 
reduce the given ftumber into an improper fra£lioh ;- 
then fubtradt the logarithm of the denominator from 
the logarithm of the numerator^ and the remainder 
-will be the logarithm fought. 
. In finding the number anfwering to any given 
logarithm, the index, if /t^m^iW> will always 
(hew how many integral places the required number 
confifts of; and» if negative, in what place of d^ci- 
nals the -firfl, or fignificant figure, fiiands ; ib didr 
if the logarithm can be found in the Cable, die nam* 
ber answering to it will always'be had by iafpefiiion. 

But, if the logarithm cannot be exadfy fottnd in 
t^e table, find the next greater, and the next leil, 
and then fay. As tfee difference of thefe two loga- 
rithms : the difference of the numbers anfwering to^ 
them : : the difference between the given logarithm 
and the neareft tabular logarithm : a fourth number ;^ 
which added to, or fabtraded fj^ofii, the tlatural 
number anfwering to the neareft tabular logarithm, 
according as that logaritjim is lefs or greater than the 
given one, will give the number required, nearly. 

Thus, let it^b^ requi/ed ;tafi^d Ui^ QOlural num- 
ber anfwerint to the logarithm 5.564^^15. 

TJb^-next Tefi and gfeutir h gmithmt^ in -tin /«iZr> 
^^ 

5.56478447 Hhe nuMeri J 365^100 
'5.56490273! anfwering C 3.6/200 



«*• 
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^hiir diff, ,000 1183 * ' lOD dif^ 
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And 5.5649027— 5. 564g8i5=:::.oooo2i2, 
Jherrftri .0001183 : 100 : ; .0000212 ; 1% nearly. 
ITit^Wif 367200—18=367 182=: nmmhcr required*. 



M VLTIPL irATtON. ^' Log AR IT H-MSw 

« 

KiA tke -loffanthms of the fa£lors together, and 
tlieir fiUA will be the logarithm of the product re- 
f|nifed» 

Obferving to» add> what is to be carried froin< the 
dedmalpaftof jtjie logsuithm to the fum of the af- 
fimiattve iiidtco : 

And that the difference between the affirmative 
md negative indices, is to be taken for the index to 
tJic logaritbmof the produd. . 



rX AM PL B s r" 



11 Let the number -2 56 be moItipHed by ^ 

m log. e/'i^&zz. 2.4082400 
77fe log* of 4=1 o.6o2q6cq 

77/ /ro^/jK^ m 024 . . • 3 wo 1 03:000 

* Dir^ions, at large, for the ufing o£ logarithms^ may be 
Uka^m'mofi of the common tablei upon this fubjed. — 
Sh€rtth*s Mathematical tables, of ^e Edimn 1741, or 1742^ 
are rcckonednhe moil corredi and convenienti for pradtical 
parpoftt^ of any now extant. 



OF I^OGARITHMS. f^ 

2. Let the number 8.5 be multiplied by 10. 

The log, 0/ S.^z=. a.9294189^ 
The log. of, 10 ^ 1. 0000000 

The frodua =-85 • . . ► 1.9294189 

r 
I ■ 

3. Let the number ^^JS ^ multiplied by .3275» 

The log. 0/46.7^ =: 1.6697^16 
The log. 0/* .3275 tr: — 1.515-2113 

' . ' ■ ... . 1 . ■ .. ■■ ■ 

fttv /«</«<!? =15 .31 .... 1. 18499*5' 

4. Multiply 3.768, 2*053, and '.0676^3* ttm^ 
llnually togedier. . i i 

The log. of 3.768 = 0.5761 109 ' 
The log. of 2.053 = 0.3123889 

The log. if .Q07693 ?= —3^8860957 

TheproduB = .059511... •^^•77+595 5 

s 

5. Mttliiply .s, »4, and .12, continually together.. 

The log. of .5 = T- 1.6989700 

' The log. of .4 =: —1.^020600 

The log. vf .12 =1 — 1.0791812 

7'i^^/rr</»^ =: .024. .. —2.38021 12 
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Division hj Locakithms. 
RULE. 

I 

From the logarithm of the dividend fabtrafl thr 
logarithm of the diviibry and- the number agreeing. 
to the remainder will be the quotient required. 

Bat obferre to change the index of the dlvifor 
from negative to affirmative, or from a^irhiative to 
nesative^ and then the ds0erence of the affirmative 
indices mail be taken for the index to the logarithn^ 
of the quotient. 

And, alfo, when an unit is borrowed; in the left- 
hand place of the decimal part of the logarithm ». 
add it to the index of thediviibr r but if it Be nega- 
tive fubtra^it ; and let the index ari£ng from theace 
be changed and. worked with ai h^fose* 



'*. 
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\» Let- die number £6 be divided by the mim- 
ber. 4, 

Tbi leg. of 56 == 1.7481880 
. ?^ log^ 0^ • 4 =; 0.6020600 • 

The quotitnt = 14 • , •« x • 1 4.6 1 2^0 

^ • 

2. Let the number 50.75 be divided b/ the num^- 
ber .25^., 

Th9 log. §f 50.75 = 1.7054360 

The log. of ,25 = —1.3979400 
flf gmtitftf tz 203 i , 3074960 



OF LOGARITHMS. 191 

-3. Let the niunber 24 be divided by the number 

The log, cf .r4 zz —i. 38021 12 
The log. of .80 z= 1.9030900 

The quotient .003 . • . • —3 .477 1 2 1 2 

4. Let the number .61265 be divided by the num- 
ber .35. 

The log, ^.01265 = — 2.1020995 
The log, of .35 =: —1.7403627 

The quotient =.023 . • .. -*-2. 3617278 • 



Involution Ij Logarithms*. 

I' 

RULE. 

m . Seek tlie logarithm of the given nvmber in the 
Uble- 

2. Multiply the logarithm^ thus found> by the 
index of the propofed power. 

3^ Find the number correfponding to the produA, 
and it will be the-power required. 

Nate, In iniildplyift|; a logarithm with a negative 
index, by any amrmauve number, the produa wiU 
always he ne^tixfi^ _ 

But what IS to be carried from the decimal part 
of the logarithm will always be affirmative : 



* The rule df pmpoitioB is i^erf^tmed by adtting ^he log:a- 
fHhms of the two laft terms, and iubtrading the logarithm of 
tkefiril. 
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And therefore their difference ^ill be the index of 
the produdl ; and is conftantly to be made of the fame 
kina with the greater. 



BXAM-PlfBS: 

!• Required, the kcotid power of the number 
3.874- 

TBr idg. fff '3-^7^ = 0.58S1596 



7%f /«'Mf//*== 15.01 .... 1 , 1763 19* 

2. Required the third power of the number 2-^68. 

The log. of z,y6S r: 0.4421661 '• 
The index zz 3 

The power zz 21.21 .... 1.3264983 

t 

. 3. Required the third power of the number .7916. 

The log. of .7916 =: -«- 1. 898505 R 

The. index • iz ' 3 ^ ' ' 

• • '• -The f^oMT cr •4^i>.« .' -^'•^955174 ' ^ 

4. Required the twelfth power ai the number 
1.539, ••...-!, . . . ' 

The^ logv of-x .'5 <r9 =*■ 6*^8^2^8(5 : - - 
^ The index =: 12 



■<iw ■■ ■ \ % m «■>« 



...■»i-..'» 
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Evolution ij Logarithms. 

RULE. 

.1 • Seek the logarithm of the given namber^ in , 
the table. 

2. -Divide the logarithm, thus found, by the de- 
nominator of the index of the root propofed. 

3. Find the number correfpondmg to this quo- 
tient, and it will be the root required. 

Nou, When the index of the logarithm, to be 
divided, is negative, and does not exa^ly contain 
^ the divifor ; increafe it hf^ fuch a number as will 
make it exadly divifible, and carry the units bor- 
rowed, as fo many tens, to the left hand place of 
the decimal, and then divide as in whole numbers. 



BXAM PLES: 

i. Required the fquare root of the number 225. 

The log. of 2Z^ zz 2.5521825 
Tbenfore 2) 2.3521825 

The root =z 15 ... 1.17609x2 

2. Required the fquare root of the number 1501. 

Tbilog. of. 1501 = 3.1763807 
Tberefon .2)3.1763807' 

^^; r»»^ z= ^8.74 . > . . J .5 88 1 903 

.S 
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3. What Is the cube root of the number .166375 f 

ne log. ^.166375 rr — i.z2io88i 
Therefore 3) — l.22to88i 

The root =: .55 . . . — 1.7403627 

4. What IS the fquare root of the number .08 162 ? 

The log, of .08162 = —2.91 17966 
Therefore 2) — 2. 91 17966 

The root z= .2857 . . . —1.4558983 

5. What is the twelfth root of the number 

The log. of If 6, b = 2.2469907 
Therefore 12)2.2 469907 

The root = 1.539 1872492 



MISCELLAKEOVS J^V £ S T I N 5. 

I. A pcrfon being afked what o'clock it was, 
anfwered, that it was between 8 and 9, and that 
the hour and minute hands were exa^ly together; 
what was the time ? ^* , ^^ 

Anf 8 : 43 : 387**. 

'^'. z. Divide the number 50 into two luch parts, 

that \ of one part, added to | of the other, may 

make 40. Ai^. so and 30. 

3. What two numbers are thofe, whole difference 
is 12, and their f^uares equal to each other? 

Anf j4"^ ^*^ —6. 

4. There is a certain number, coniifting of two 
places, which is equal to Ae difference of the fquares 



MISCELLANEOUS QUESTIONS- X95 

of its digits; and if 36 be added to it the digits 
will be inverted; quaere the number? Anf, 48. 

5. Given ;t3+j^*zi3i, andj>^+**r:i7 ; to find 
^b^andjf. AnJ. x^i and yziz. 

6. Given j^^xyzz666, and x^+xyzz^o6 ;. to 
find X and J?. An/l x'zz'j and y^g* 

7. Given the fum of three numbers, in harmoni- 
cal proportion, 1=26; and their continued product 
^:^S7^ » ^^ ^"^ ^^^ numbers. Anf. 12, 8, and G, 

8. What two numbers are thofe, whofe differ- 
ence, fum, and produd, are to each other as the 
numbers 2, 3, and 5 refpedively ? AnJ\ 2 and 10. 

9. To find that number whofe cubj being fub- 
tradled from its fquare fhall leave the greateft re- 
mainder pofiible ? A*t/, |. 

10. Required to find the lead 3 whole numbers^ 
fo that f of the firft, -^ of the fecond, and -^q of 
the third, ihall be all equal to each other. 

An/, 280, 294, and 3C0. 

11. Given «x^ +*■«'= 290, and ;i;*-f a*=:64i ; to 
find X and «;. An/, x-zz^, and zzzz* 

1 2. Given the fum of three numbers in continued 
geometrical progreflioh =39, and the fum of their 
fquares =1819; ^^ ^^^ ^^^ numbers. 

An/. 3, 9, 27. 

13. Required the feweft number of weights, and 
the weight of each, that fhali weigh from one pound 
to 29 hundred weight. 

An/ I, 3, 9, 27, 81, 243, 729, and 21^^. 

14. Required two numbers fuch, that their fum 
ihall be equal both to their produft and the differ- 
ence of their fquares. 

An/ 2.618034 and 1.6 1 8034. 

15. It is required to find 4 affirmative integers 
fuch, that the fquare of the greateft may be equal 
to the fum of the fquares of the other three. 

An/ 3, 4, 12, and ip 
S 2 
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16. If money be lent, at three per cent. 

To thofe who chufe to borrow. 
In what time ihall I be worth a poand. 
If I lend a crown to-morrow? 

Anf, 46.9003 6 j'^'tfrj, allonuing comp, int, 

17. Required the two lead nonquadrate numbers, 
jrandj>, fuch, thatjf*+^*, and^r^-l-^^ (hall be both 
fquare numbers. jirtf. xzz'^bj^^ andyizzy'^* 

18. There are three numbers in geometrical pro- 
portion fuch, that if the mean be fubtraded from 
the fum of the two extremes, the remainder mul- 
tiplied by the fum of the faid two extremes will b« 
91 ; but if that remainder be multiplied by the fum 
of sill the three numbers, the produd will be 133 ; 
it is required to find the three numbers by a fimple 
equation. Anf» 4, 6, and 9. 

19. To determine two numbers whoie fum ihall 
be a cube, but their produft and quotients fquares. 

An/, 4 and 4, lOO and 25, 900 and loo. 

20. Required that arithmetical progreffion whofe 
number of terms is 10, fum of the terms 185, and 
the fum of the cubes of the terms 104525. 

An/, 5, 8, II, 14, 17, 20, 23, 26, 29, 52* 

2 1 . To divide a given number (N) into 4 fucli 
parts, that if any other number («) be added to the 
Srft part, dedufted from the fecond, multiplied by 
the third, and the fourth part divided thereby, the 
fum, difference, produ6l, and quotient, (hall be all 
equal to each other. 

N« N» N • N«x» 

An/, ==r. — », : +«, ==r and ",1 — =T"^ 

nJ^iY HhTl'' ^TT]^ Ih^I* 

[farts required,^ 

22. Given A-^-fj^jczr5i25CO, and x^'y'^y^xzz. 
2500; to find X UTi&y, An/ xzz2^ andyzuzo. 

23. Given x-^-y-^zinS, xy-i-xz-i-yzzzii, and 
xy»::z6 ^ to find x, y, and z. 

An/ xTZii yzzXi andKZZZy 



\ 
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24. To find two n ambers in the ratio of 5 to 7,. 
and which being refpe£tively divided by 9 and 1 5, 
^all leave 3 and 8 for remainders. 

Anf. 210 and 294. 

25. To find three numbers fuch, that | the firft, 
\ of the. fecond^ and \ of the thirds fhall be =62 ; 
\ of the firft^ I of the fecond, and \ of the third 
:=:47 ; and \ of the firft, \ of the fecond, and \ of 
the third :=:38. Anf, 24, 6o^ and 120. 

z6. Given ^+—=1357, >+— =1476, «+ — 

234 

rr595^ and w+_=:7i4; to find x^y, z, and w. 

5 
Aff/, ^-zrigj, ^^=334, «=426, and wzr 676. 

27. 1 o find wttr numbers a*, j, %, and w, hav- 
ing the prodoft of every three given ; viz. xyz::z 
231, ;fy-ivzr420, j'«aur;i54o, and xxay=66o. 

An/, x=z^, y^li «==!!> «»^ •i4;zr20. 

28. To find four numbers in geometric propor- 
t'on, whofe fum is 15, aad the fum of their fquares 
85. Anf. I, 2, 4, 8. 

29. To find three numbers, *•, j^, and «, when the 
product of each by the f um of the other two jare fi; iven; 

viz. ;<rXjHr«=^48* J'X^ + »=39, and«XA^-fj?bs03. 

'^Anf AP=:^, j»=3, andxzizg. 

30. What number is that, which, beineanyhow 
divided, the fquare of one part, when added to the 
other part, fhall always be a fquare number ? 

Anf T onfy* 

31. Given ^3 + «zii27,~ j»'+jr=:l35;, ^"^ **+ 
jr^ + x'=:ii33; to find *", jr, and «. 

Anf jr zr 1 o, ,fcr 5 , and itzr 2 • 

32. Given x^-^-xyziiioS, j*+j«=i69, aad Jt*-f 
xz:=L^2oi to find ;r, jr, and z. 

Anf *=:9, jr=3, atui%zz2Qj0 

S3 
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33. Given x+yKZ^^S^9 y+xzzz2^y, and «-|-^ 
1=192 ; to find x, y, %. 

Anf, x^iio, yzziy, and xiziz^^, 

34. To find the leaft number, which being di- 
vided hy 6y 5, 49 3y and 2, fhali leave the repiain- 
dcrs 5, 4, 3, 2, and i refpedively. Anf, z^, 

35. To find three numbers fuch, that the ium 
or difFercnce of any two of them fhall be fqnare 
numbers* Anf. 1873432, 2399057, and z%%%\t%. 

36. To find two fquare numbers fuch, that their 
fum may be a fquare, and their diiference a cube, 
and the fide of the faid fquare and cube equal to 

each other. Anf. Jh- and +** 



JC625 15625 

37. To determine the number of fifteens that can 
be made out of a common pack of 52 cards. 

Anf 17264. 

38. To jind a fraftion fuch, that being taken 
from its reciprocal the remainder fliall be a fquare. 

A'nf Find fuch afraBion as that its hi quadrate 
being added to 4 // a fquare^ and it *will 
anfvoer the qnsficn* 

39. Given x* -{■ xy^y^zz.io^j , and x*-f i^^^+j* 

^^577^95 > ^^ ^^^ ^ and_y. 

Anf *'~2I and yziij^ 

40. Given *+^+2;zr78, **-fjf* -}-«*— 2546, and 
;(fy—x«— ^12=1527 ; to find ;r, y, and x. 

Anf ;irr:4i, J— ^8, and xz^Q,' 

41. Given AC 4^^=15.2, and a-— jj^'x^— ^*=: 
8492 ; to find X andj>. Anf ^:i: 108, afid yzzi^^' 

42. To find three numbers fuch, that if to the 
fquare of each the product of the other 2 be added^ 
the fums fhall be fquares. Anf 73, 9, 328. 

43 Let the number of cards in a pack (/) be 
^iftnbut^d into any number of heaps (»), by liying 
as many cards npon the bottom heap as are fufi- 
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cient to make up its number q ; then by having the 
number of cards remaining in the dealer's hand, ^r) 
and the number of heaps (») given, it is required 
to find the fum of all the bottom cards. 

Anf, y + I X # -f r ^p •=. fum required, 

44. To find 3 numbers fuch, that if each be fub- 
trafted from the cube of their fum, the remainders 
ihall be cubes. 13851 19467 '8954 

^''•^- siTs;' 8J78;' ""'' sjTs;- 

45. Given A*= 1 23456789 to finder. 

Anf ;im8.640026S. 

46^. Given the cycle of the fun 18, the golden 

number 8, and the Roman indidtion 10; to find 

the year. Anf, 17 17. 

47. To find 3 cube numbers fuch, that their fi^m 

(hall be both a fquare and a cube number; and if 

that fum be fquared it (hall be a cube, ana if it be 

cubed it ihall be a fquare. 

, ^ x^ %x^ \%tx^ , * , 

Anf, — , , — -^^ — ; 'Where X may be any Hum^ 

•^ 8 27 216 ; 

ber wuhate'ver \ if it iezz2l6 they 'will bt 
njohole numbers* "^ 

48. To find 3 numbers fuch, that if each be 
added to the cube of their fum, the fums /hall be 
cubes. J 23625 153^ iiSTT. 

'157464' 157464' 157464' 
49. With guineas and moidores, the feweft, which 
way. 
Three hundred and fifty-one pounds can you pay.- 
If paid every way 'twill admit of, what fum ' 
Do the pieces amount to?-*— my fortune's to 
come. ■ * ; ; > 

Anf 9 guineas and 253 mo'idcres ; and' ^^j 
nvays^ *wbich is ir 12987/. . ' •*• i^ 
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50^ Given j>'*^*=:«*^moo ; to find x and ». 

^n/, ;rz=47.7o6 ami s;=ri.42. 

51. Given 44000^^^+1=%^; to find x and y in 
whole numbers. 

An/. x'r:j^0j^%2g%i2Z\'j%i and x-iz 

8491781781142001. 

52. To find three whole numbers fuch, that the 
cxcefs of the greateft above the middle number, fhall 
be to the excefs of the middle number above the 
lead, as 3 to I ; and alio that the fum of every two 
of thefe wall be a fquare. 

Anf, 1362, 402, 82; fir 4* XI 362, 4^X402, 
and 4*^X82 ; 'where n is any ajirmati've in^ 
teger. 

53. Given ;c+j?=:tf (2), and ;e'+j;^r:^(32), to 
find X and jr by quadratics. 

Anf. *=!. 4697175 fl»yj?=r. 5302824. 

54. Given ;ipJ'=5oo, and ^^1=300 ; to find x 
and jr. Anf, xzzj^.tf^in^andyzz.^.^ioz, 

55. Given j[)>xlHK^*r=3oo, x%y,y -\^ xV-=,\2^(iy 

and j« X*+jr|*=432 ; to find x, y, and a; 

An/, Af=:i, j=3, zzzg, 

56. Given au'+jif+jr + a;zr57, w-f *^-fj;-f 2;== 
2763, w+*+y+K=i353, and •w + Ar+j' + a^r: 
153 ; to find X, y, sc, and *w, ^ 

An/ A':=i4, j'rzii, s:=r5, andnvzz^, 

57. Given * 4^^=11750, jfa+j?a;=:227o8, Ar*i;-f- 
yz:z:i22^Z, and Ar55a; + oizy 1=15925 2 ; to find Ar;j>, 

«, andv. >/«/ ^=1743, jr=:7, a=:i3, and<u'=:'j. 

58. Given ^jf4-7jf+9«=r93256; to find all the 
diiterent folatu>ns in afiirmative integers which the 
equation will admit of. An/ 1 3 80 1 1 4 8 • 

5p. To find a fquare number fuch, that the fum 
€f all its aliquot farts fhall be a fquare number. 

An/ 2401. 
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60. To find two fquare numbers fuch, that either 
of them^ when added to its aliquot parts, fhall make 
the fame fum. Jnf. io6z'j6 and 165649. 

61. To find three cube numbers fuch, that their 
fum may be both a fquare and cube number. 

•^ 274625 274626 

62. To find 4 whole numbers fuch, that the differ- 
ence of every two Ihall be a fquare number. 

An/, 18734321 2288168, 2399057, £ind6^6o6s7» 
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The. following Extracts, relatrng to this WORK, 
are taken from the REVIEWS of July and 
September, for the Year 1780. 

THE Author informs us in his Preface, that 
we are not to look upon this as a complete 
Treatife of Arithmetic ; but only as a fhort metho- 
dical Tradi, drawn up. for the purpofe of teachings 
We aflure our readers, that this is amodeft account, 
and that many Mailers may profit by what is here 
oStrtd to them for the ufe of their Scholars. 
. In purfuance of this plan, of writing a book for the 
nfc of Schools, he has been very careful to make all 
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his definitions and ^ules as cc^nciie as pofllble^ con- 
iiilent with that iimplicit/ and clearnefs which is 
abfolutely necelTary in things of this nature ; and 
^ afterwards to exemplify thole rules with a fufficient 
number of examples ; in fele^ng of which, he has 
made choice of fuch as are moft likely to occur in 
bufinefs ; and has alfo (hewn^ with great clearnefs 
and perlpicaity, the reafbn of each rule in notes ; 
and^ in fome inHances, has illuflrated and explained 
th^ examples, when he had reafon to apprehend any 
dilHculties would be found ; or where any difpates 

, have arifen between former authors ; and, in this 

part of his work, Mr. BonnycaHle has fhewn great 
ingenuity and judgment. 

By conlining-every thing of this nature to the notes, 
Mr. B. has been enabled to keep his text free from 
long explanations, fo that nothing is to be found 
there, but what the Learner ought to tranfcribe, and 
fix in his memory ; a matter which feems to have 
been loo much neglefted, by moft of thofe authors 
who have undertaken to write on the fubjed of 
Arithmetic, for the ufe of Schools. 

! Oil the whole, we fhall not helitate to declare,, 

[ that we think this little book will be found very ufe- 

I ful both to the Teacher and Learner. 

Monthly Review. 

THE Title of this little book we have given at 
full length, becaufe it anfwers to its title, and 
does not, like many publications of this kind, profefs 
more than it performs. The author has availed 
' himfelf of Malcolm's Arithmetic^ and has here given 

us a fcientiiic, as well as practical treatife of this 
ttfeful branch of Learning ; fo that ftndents of every 
clafs may have their defires thoroughfy gratified. 
The Book and its Author, of whom we know nothing, 
but from this performance, we recommend to the 
prote^on of the Public. 

LoNDOw Rbvibw. 
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